1-2C

and Natural Numbers

l Set Theory, Functions E
‘ UNIT
Que

2
Lo |
m
™

(% CONTENTS Ay
1. .
Part-1 : Set Theory : Introduction, .o, .. 1-2C to 1-56C g |
Combination of Sets, Multisets
3
Part-2 : Ordered Pair, Proof of Some.,.......... R 1-6C to 1-8(C
General Identitics an Sets 4
Part.3 : Relations : Definition, Operation .......... 1-8C to 1-16C Typ
on Relations, Properties of Relation, ;
Compusite Beiatizn, Fquality of .
Relation. Recursive Definition of
Relation, Order of Relation L
Part-4 : Function : Definition, .....ccovverveeeeann. 1=16C to 1-22C 3
Classification of Functions,
Operations on Functions, 4.
Recursively Defined Functions. b.
Growth of Functions
Part-5 : Nnatural Numbers Pt 1=22C ta 1-260
Introductions, Mathematical 6.
Induction, Variants of 7.
Induction, Induction with
Non-zero Base Cages
8
Part-6 : Proof Methods, Proof 1! S 1-26C to 1-20C
Counter-Example,
\ Proof by Contradiction y 0.

1-1 C(CS/IT-Sem-3)

Downloaded from TwoWaits

Scanned by CamScanner



== ————— S i

1-2 C (CS/IT-Sem-3) Set Theory, Functions & Natural Numbers

PART- 1 |
Set Theory : Introduction, Combination of Sets, Multisets.

Qnutinns-hnrwnn

Long Answer Type and Medium Answer Type Questions

Que 1.1. | What do you understand "y set ? Explain different types

of set.
i

Answer I

1. Asetisacollection of well defined objects, called elements or members
of the set.

2. These elements may be anything lilie numbers, letters of alphabets,
points etc.

3. Sets are denoted by capital letters and their elementq by lower case
letters.

4. Ifanobject x is an element of set A, we write itasx € Aandreaditas’x
belongs to A' otherwise x ¢ A (x does not belong to A).

Types of set :

Finite set : A set with finite or countable number of elements is called
finite set.

2 Infinite set : A set with infinite number of elements is called infinite
set.

9. Null set : A set which contains no element at all is called a null set. It is
denoted by ¢ or { ]. It is also called empty or void set.

4. Singleton set: Asct which has only one element is called singleton set.

5. Subset: Let A and B be two sets, if every elements of A also belongs to
B i.e., if every element of set A is also an element of set B, then A is
called subset of B and it is denoted by A ¢ B.

Symbolically, AcBifxeA=xeB.

6. Superset :IfA issubset of a set B, then B is called superset of A.

7. Proper subset: Any subset A is said to be proper subset of another set
B, if there is at least one element of B which does not belongto A, i.e.,if
Ac BbutA#B.Itis denoted by A c B.

8 Universal set : In many applications of sets, all the sets under
consideration are considered as subsets of one particular set. This set is
called universal set and is denoted by U.

9. Equal set: Two set A and B are said to be equal if every element of A

‘zelo;g to set B and every element of B belong to set A, It is written as
= 0.

Symbolically, A=Bifx ¢ A andx e B,
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Discrete Structures & Theory of Logic

1~
10. Disjoint set : Let A and B be two sets, if there is no common element —_—
between A and B. then they are said to be disjoint.

Que 1.2. | Describe the different types of operation on sets.
i a1 T 2.
Answer :|
1. Union:Let A and B be two sets, then the union of sets A and B is a set
that contain those elements that are either in A or B or in both. It is
denoted by A u B and is read as ‘A union B’ n
Symbolically, AuB=|x|x=Aorxe B
For example : A=11,234) 5.
B=134,506])
AuB=11,234,5,6) 6.
2 Inlersection: Let A and B be two sets, then intersection of A and B is
a set that contain those elements which are common to both A and B. It
is denoted by A n B and is read as ‘A intersection B'.
Symbolically, AnB=|x|x e Aandx ¢ B 7.
Forexample: A=]1,23, 4)
B=124,6,7) _ﬂ
then AnB=1(2 4)
3. Complement : Let U be the universal set and A be any subset of U, 2.
1
|

then complement of A is a set containing elements of U which do not

belong to A. It is denoted by Aor A or A .
Symbolically, A= [x|x e Uand x ¢ A)
For example : U=11,234,5,6)
and A=(235)
then A° = (1,4, 6}
4. Difference of sets : Let A and B be two sets. Then difference of A and
B is a set of all those elements which belong to A but do not belong to B
and is denoted by A - B.
Symbolically, A-B={x|xeAandx ¢ Bj h
For example:Let A= (2,3, 4,5,6, 7] ;
and B=14,5,17
then A-B=(23,6)
5. Symmetricdifference of set: Let A and B be two sets. The symmetric
difference of A and B is a set containing all the elements that belong to -
A or B but not both. It isdenoted by A@ Bor A AB. -
Also A®@B=(AuB-(AnB) .
For example: Let A = (2, 3, 4, 6) i
B=11,25,6) ii
then ADB=(l,3,4,D5]

| What do you mean by multisets ?

1. Multisets are sets where an'element appear more han ggee. 4Ad fram TirnWaite
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For example : A=1(1,112223
B=la,a,abb.b,eccl

are multisets.

The multisets A and B can also be written as

A=13.1,22 13 and B = (3.4, 3.h, 2.cl

9. The multiplicity of an element in a multiset :s defined to be the number
Itiset. In above examples,

of times an element appears in the mu :
multiplicities of the elements 1,2, 31n multiset A are 3,2, 1 respectively.

4 Let A and B be two multisets. Then, A v B, is the multiset where the

multiplicity of an element 1s the maximum ofits multiplicities inA and B.

The intersection of A and B, A ~ B, is the multiset where the multiplicity

of an element is the minimum of its multiplicities in A and B.

6. The difference of A and B, A - B, is the multiset where the multiplicity
of an element is equal to the multiplicity of the element in A minus the
multiplicity of the element in B if the difference is positive, and is equal
to zero if the difference is zero and negative.

7. The sum of A and B, A + B, is the multiset where the multiplicity of an
elements is the sum of multiplicities of the elements inA and B.

S

'_.'.."I

Que 1.4. | Let P and @ be two multisets (4.a, 3.b, 1.c) and (3.a, 3.5,

2.d) respectively. Find
i.PuU@,ii.PnQ,iii. P-Q, iv. Q-P,v.P+Q.

Answer |

i Pu@=I4.0,3.b,1c,2dl
i. PnQ={3.a,3.b)

. P-Q=1l.a,l.c)

iv. Q-P=I2.dl

v. P+Q=17.a,6.b lec,2.d)

Que 1.5. I Describe each of following in roster form :

i. A=|[xr:xisauneven prime)

ii. B =lx:xisn positive integral divisor of 60)
jii. C=lxreR:x*-1=0)

jiv. D=lx:22-2¢+1=0) .
v. E =[x:xis multiple of 3 or §) |
Answer f
i A=I(2]

i. B=11,234,56,10,12, 185, 20, !

i_ii__ L‘g ll'_I} L] (] 0|llu,60]

iv. D=1[1)

v. E=13561015..)

Que 1.6. I Describe the following in set builder form :

i

A=(4,-3,-2 1,0,1,2,3)
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ii. B=(1,8 27, 64]
ill. C=1(3,6,08,12,15....}
iv. D=(2,3,5,7,11,13 ...}

Answer

i A=lr|xis nninteger and -4 < x = 3}

i. B=(r|x=n", where | < n <4, nis patural number)
. ' = [r|x = 3n, where nis natural number)

. D= (x|x1s the integer and prime number]

PART-2
Ordered Pair, Proof of Some General Identities on Sets.

Questions-Answers
Long Answer Type and Medium Answer Type Questions

Que 1.7, l List down laws of algebra of sets.

OR
Write down the general identities on seta.

Answer I
Let A, B, C be nny three sets and U be the universal set, then following are
the laws of algebra of sets ;
1. ldempotent laws :
a AuAd=A
b AnA=A
2  Commutative laws :
n AuB=HUA
b AnB=BnA
3 Associntive lnws :
a AuvuBuC=AvBUUC
b A~BACI=ANBINC
4. Distributive laws:
o AuBNACOI=AvBINAAuO
b AnBull=(AnBUuAnO)
5 ldentity laws:

a Ausp=A
b AnU=A
e AuvU=U
d Aré=é
6 Involution law :
n ATFr=A

'I Downloaded from 7
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1-6 C (CS/IT-Sem-3) Set Theory, Functions & Natural Numbers .

7. Complement laws : y
a AVA=U |
b. AnA“=¢ b
C. e = ¢, :
d &=U

8. De Morgan's laws ;
n (AUBr=A"nB
b. (AnBY=A"uB* i
9. Absorption lnws :
. AvAnB=A
| b. An(AuB)=A

! Que 1.8, I Prove for any two sets A and B that, (AU B)' =A'n B'. ‘,',

AKTU 2014-156, Marks 05 g

Answer I

Lot xe (AuBY

xr¢e AuB

x¢e Aandx ¢ B

xeA'andx e B’

xe A'nB
(AuB)cA'nH ..(1.8.1)
ow, let reA'NnEB

xe A'nndx e B’

xeAandx e B

xe (Au B)

xe (AU B)
A'nB)cAuBY (1.8.2)
From eq. (1.8.1) and (1.8.2), AUB) =A'n B’

Jol=zu00000

Queld. |LetU=1(1,234,5,6,78,9,10), and the ordering of

elements of U has the elements in increasing order; that is, a, = i.
What bit strings represent the subset of all odd integers in U, the
subset of all even integers in U, and the subset of integers not
exceeding 5in U?

Answer

" Since U =11,2,3,4,5,6,7,8,9, 10}

- Let the subset of all odd integers bes,,ie.,
5,=11,3,5,7,9

subset of all even integers be s, i.e.,
5, = (2, 4,6,8, 10|

and the subset of integers not exceeding 6 be s, i.e.,
By = {1, 2,3, 4, 5)

The bit string by characteristic function is given as follows :
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Bit string ﬁlr5| is 1010101010
Bit string for s, is 0101010101
Bit string for s, 1s 1111100000

Que 1.10. ' If A and B are two subsets of universal set, then prove

the following :
a. A-M=(B-AiffA=H
b, A-B)=AiffAnB=¢

Answer l
n. Let A=R
Consider any element x ¢ A - B
= xeAandx e B
= s« Bandxre A [+ A= 8]
= re B-A
A-BcB-A LLAL10.1)
Conversely, if e B-A
— tec Bandx e A
= reAandx e B
= xcA-B8B
B-AcA-B .(1.10.2)
From eq. (1.10.1) and (1.10 2), we have
If A=B>A-B=8B-A
Now let A-B=8-A
Lt xe A-BasA-RB=8-A
xec B-A
Now xcA-B=>xc<Aandxe B LL1.103)
and xeB-A=>reBandxe A ..(1.10.4)
Fq.(1.10.3) and (1.10.4), ean hold true when A = B
b Lat A-B=A
To show AnB=4¢
Lot AnBzoéandletxcAnBandx ¢ é
= reAandre B
= xeA-Bjandx ¢ B [ A-B=A)
- xcAandxr ¢ Bandxc B
= XeQ
which is a contradiction.
AnB=¢

f\'nw conversely, let AnB=§
Toshow A-B=A

Lot xeA-B

= re Aandx ¢ B

N xeA [asAnB=4¢)
= A-Bc A ..(1.10.5)
Conversely, letx ¢ A

= xeAandx e B s A~ B =9
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1-8 C (CS/IT-Sem-3) Set Theory, Functions & Natural Numbers

= xeA-B
AcA-B -(1.10.6)
From eq. (1.10.5) and (1.10.6),
A=A-B
PART-3

Relations : Definition, Operation on Relations, Properties of
Relation, Composite Relation, Equality of Relation, Recursive
Definition of Relation, Order of Relation.

Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 1.11. | Describe the term relation along with its types.

Let A and B be two non-empty sets, then R is relation from A to Bif R is
subset of A x B and is set of ordered pair (a, b) wherea € Aand b € B. It is
denoted by aRb and read as “a is related to b by R".

Symbolically, R = (a,b):acA,be B,aRb)

If (a, b) € R thena K b and read as “a is not related to b by R".

For example :

Let A=11,2 3,4}, B=11,2] and aRb ifl a x b = even number

Then R = (1, 2),(2, 1),(2, 2), (3, 2), (4, 1), (4, 2)]

Types of relation :
1L Universal relation : A relation R is called universal relation on A if

R = A x A. In case where R is defined from A to B, then R is universal

relation if R=A x B.

For example :

If A=11,2 3]

then R=1((1,1),(1,2),(1,3), (2 1,(22),(2 3),(3, 1),
(3, 2), (3, 3))

isuniversal relation over A.

2 Identity relation : A relation R is called identity relation on A if

R =((a,a)|a € Al. Itis denoted by I, or A, or A. It is also called diagonal

relation.

For example :

IfA=11,23) then I, =((1,1),(2 2)(3,3)
isidentity relation on A.

3. Void relation : A relation R is called a void relationon A ifR=¢.1tis

also called null relation.

For example :
IfA =(1, 2 3) and R is defined as R = [(a + b) la+b>5),abeAthen

R=¢.
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4. Inverse relation : A relation R defined from B to A ia called INVerss
relation of B defined from A to B of
R1=(ba beBando ¢ Aand(a,b) ¢ R}
For example : Consider relation
Re=((1, D, (1,2),(1,3).(3,2)
then RV =101, 1,02, 1,03 1,12, 3)

5. Complement of a relation : Let relation B 1= defined from A to B, then
complement B is set of ordered pairs ((a, ) (a, b) ¢ K1 It is also called
complementary relation.

For example ;

let A =(1, 2 3) R = (4,5)

Then A « B = (1,41, (1, 5),(2, 4), (2, 5),(3, 4), 13, 5))
Let R be defined as R » ((1,4),(3, 4), (3, 5))

Then RC= R=((1,60,(2 4, (2 5)
Que 112, l Explain operation on relntion with example,
Answer |

1. Relations are sets of ordered pairs so all set operations can be done on
relations
The resulting sets contain ordered pairs and are, therefore, relations.
3 IfRand £ denote two relations, then B ~ S, known as intersection of
R and S, definea o relation such that
MR S)yexRy ~3 Sy
4. Similarly, R ~ 8, known as union of R and S, such that
R~Siy=xRy. xSy

N
-

Also, HR-Sly=xRy 18y where R -Sinknown as different
of Rand §
and xX(R)y=xRy where R is the complement of B

Forexample: A=(r v : Be- Ix,5,2),C= Ix, ¥, 2]
D=1Y 2 R=Iz,X), ir, ), ly, 2))
S=1x, 1, (v, 2)]
The complement of R consirts of all pairs of the Cartesian product
AxBthatarenot R. Thus A x B = lx, X), (x, ), (x, 2), . X)), iy, ],
. Z2). 2, X), (2, ), (z, Z))
Hence R = (x, 2),(y, X), ty, 1, (2, X),(z, Y, 02, 2))
RuS=(x,X),,¥)(y, 2)
R~S-= Iz, 1N, (v, 2))
R-S= |z, )

Mmf Give properties of relation. |

Prﬁpcn_-uel of relation are : ‘
L  Reflexive relation: A binary relation R on set A in said 1o be reflexive
if every element of set A is related to itself

Downloaded from TwoW,
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ie., vaeA,l(a a) = RoraRa.

For example : Let R = (1, 1), (1, 2),(2, 2), (2. 3),(3,3) bea relation
defined on set A =11, 2, 3l. As (1, 1) € R, (2, 2) ¢ R and (3, 3) € R.

Therefore, R is reflexive relation.
2 Irreflexive relation : A binary relation R defi
irreflexive if there is no element in A which is

ned on set A is said to
related to itself i.e.,

v a e A such that (a,a) ¢ R. ]
For example : Let R ={(1,2),(2, 1), (3, 1)] be a relation defined on 5(.3t
A=(1,2,3.As(1, ) e R, (2,2)eR and (3, 3) & R. Therefore, R is

irreflexive relation.
1. Non-reflexive relation : A relation R defined on set A 18 said to be nnn-
_some elements are

reflexive if it is neither reflexive nor irreflexive f.e.
rolated to itself but there exist at least one element not related to itself.
4. Symmetric relation : A binary relation on a set A is said to be
symmetric if (a, b) € R=1(b,a) eR.
| 5. Asymmetric relation : A binary relation on a §
asymmetricif (a,b) e R = (b, a) e R.
6. Antisymmetric relation:Abinaryr
to antisymmetric relation if (e, b) e R and (b,a) €
bRa = a=bfora,b = R.
! 7. Transitive relation : A binary relation
’ whenever (a, b) € R and (b, ¢) « R then (a, cle R
ie., aRb and bRe = alRe.

ot A is said to be

clation R defined on a setA is said
R—=a=bie. aRband

R on a set A is transitive

| Que 1.14. I Write short notes on :

n. Egquivalence relation

b. Composition of relation
OR

Write a short note on equality of relation.

Answer

a. Equivalence relation:
1 A relation R on a set A is said to be equivalence relation if it is

reflexive, symmetric and transitive.
2 The two elements a and b related by an equivalence relation are

called equivalent.
3. So, nrelation R is called equivalence relation on set A ifit satisfies

following three properties :

1 a,a)eR yaeA (Reflexive)
. (a,b)eR=>(b,a)e R (Symmetric)
iii. (a,b)e Randb,c)e R=(a,c)eR (Transitive}

b. Composition of relation :
1. Let R be arelation from a set A to B and S be a relation from set B

|

to C then composition of R and S'is a relation consisting or ordered
pair (a, ¢) where a € A ande ¢ Cprovided that there exist b = B surh
that (a,b) e RcAx B and (b,c) ¢ S ¢ B = C. It is denoted by RoS.
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Discrete Structure
o Symbolically, B © S=lac)|3ibeB such that (a, b) € R apq 1-
(b,c) e Sl -j
Que 1.15. | Describe recursive definition of relation. n.
Answer |
of a relation R < N* is defined as follows

1. The characteristic function Cj,

CCK,, o X = LK K> S l

— ClX,, s X,) = 0if <Ky o X>¢eS o _
2. A relation R is a recursive set iff its characteristic function C, is a

recursive function.

3. Examples of recursive relations: <, >, 5, =
c (x,y) =58y +X)
e, lx, y) = sg8(x +y) .
c(x,y) = sg (x+y) !
‘-‘,[I,}'] = :‘;,IE (x +y) :-:c.:{:r, y) = E (v + 1)

4 Consider relation R(x, Y, 2) defined as follows :

—R(x,y,z)iffyxz<x
5. Weseethat Ris the result of substitut

recursive relation <.

ing the recursive function x into

6. Thus, Ris recursive.

7 (Technically, R is the result of substituting the functions f,(x, ¥, z)=yx
zand f,(x, Y, z)=x into <, and we need to show that filx, ¥ z)=yxzan
fix, ¥ z) = x are recursive ... but that's trivial using the identity
functions). —

Que l.;ﬁ. I Define the term partial order relation or partial ordering
relation. | '

Answer |

A binary relation R defined-on set A is called Partial Order Relation (POR)if

R satisfies following properties:

(a,a)eRYVa e A (Reflexive) ,

i Ifta,bekR and (b,a) € R, thea=b (Antisymmetric)

i If(a,b) e Rand(b,c) € R = (a,c) e Rwherea,b,c €A (Transitive)
A set A together with a partial order relation R is called partial order set of

poset.
Tq_uﬂl-'l"a | Write short notes on:

a. Closure of relations

b. Total order
c- Compatibility relation

1.
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Answer
a. Closure of relations :
i Reflexive closure : Let R be a relation defined on set A. 'I‘h.o
R w1, is called reflexive closure of R, where [, = lla, a)a a Al is
diagonal or identity relation.
ii. Symmetric closure : Let R be a relation defined on set A, Then
R u 7! is called symmetric closure of R, where R-'isinverse of R
on A. -
b. Total order: A binary relation R on a set A is said to be total orderifTit
is
i.  Partial order
i. (a,b)eRorb,a)eR Vva,beA
It is also called linear order, o
c. Compatibility relation : A binary relation 2 defined on set A is said to
be compatible relation ifit is reflexive and symmetric. It is denoted by =",

Que 1.13." Show that R = ((a, b) |a = b (mod m)) is an equivalence
relation on Z. Show that if x, =y, and x, =y, then (x, + x,) = (y, + ¥
AKTU 2014-15, Morks 05

Answer I
R= l(a,b) | a=b(mod m)
For an equivalence relation it has to be reflexive, symmetric and transitive.
Reflexive : For reflexive Va € Zwe have (a,a) e Ri.e.,
a=a(modm)
= a-aisdivisibleby mi.e., 0is divisible by m
Therefore aRa, ¥V a € Z, itis reflexive.
Symmetric : Let (a, b) € Z and we have
(a,b) € Rie.,a=b(modm)

= a - b isdivisible by m

= a-b=km, kis an integer

= (b=a)=(=k)m

— (b—a)=pm,pis also an integer
= b — a is also divisible by m
— b=a(modm)=(b,a)ec R
It is symmetric.

Transitive : Let (a,b) € R and (b, ¢) € R then
(a,b) e R=a-bisdivisible by m

= a—-b=1tm,tiscninteger ...(1.18.1)
(b,¢) € R = b-cisdivisible by m
| =2 b -c = s m, s is an integer ...(1.18.2)

Fromeq.(1.18.1) and (1.18.2)
a-b+b-c=t+sIm
a —c = Im, | is also an integer
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a - ¢ is divisible by m -
a = ¢ (mod m), yes it is transitive.
R is an equivalence relation.
To show : (x, + x,) = (¥, +¥,):
Itisgivenx =y, and x, =y,
le.,x,-y, divisible by m
x, =y, divisible by m
Atltllm, above equation :
(x,-y)+(x,-y,)i8 divisible by m
::* f:c + X, ‘1-11 + v,) is divisible by m
L.e, [x +.1_! Ay, +:.')

Que 1.19, I Let R be binary relation on the set of all strings of 0's

and 1's such that R = ((a, b) |a and b are strings that have the same
number of 0’s). Is R is an equivalence relation and a partial ordering

relation ? AKTU 2014-15, Marks 05

Answer

For equivalence relation :
Reflexive:a Ra=(a,a)e R¥Ya e R
where a is a string of 0's and 1's.
Always a is related to a because both a has same number of 0's.
It is reflexive.
Symmetric: Let(a,b) e R
then a and b both have same number of 0's which indicates that again
both b and a will also have same number of zeros. Hence (b, a) e R. Tt is
symmetric.
Transitive: Let(a, bl e R, (b,e) e R
{a, b) € R = a and b have same number of zeros.
(b, ¢) € R = b and ¢ have same number of zeros.
Therefore a and ¢ also have same number of zeros, hence (a, ¢) € R.
It is transitive.
R is an equivalence relation.
For partial order, it has to be reflexive, antisymmetr.c and transitive. Since,

symmetricity and antisymmetricity cannot hold together. Therefore, it is not
partial order relation.

Que 1.20. | Let A {1, 2, 3,.ccueeesy 13). Consider the equivalence relation
on A x A defined by (a, b) R (¢, d) ifa + d = b + c. Find equivalence
classes of (5, 8). AKTU 2014-15, Marks 0’5J
Answer I

A=(12.3,..., 13}
(5, 8)] = [(a, b): (a, bYR (B, B), (a, b) € A x A]

s B3 Sl
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=[(a,b):a+8=5h+5]
=[(a,b):a+3=b)
15, 8] = (1, 4), (2, 5), (3, 6), (4, )
(5, 8),(6,9),(7, 10), (8, 11)
(9,12),110, 13))

Que 121, | The following relation on A = . .. Determine

whether the following :

a. R=[(1,3),(3,1),(1,1),(1,2),(3,3), (4, 4)
b. R=AxA

Is an equivalence relation or not ? AKTU 2015-16, Marks 10

a. R=11,3),(3,1),(1,1),1(1,2),(3,3), (4, 4)
Reflexive:(a,a)e RVac A
(,DeR,(2,2)¢ R
“. R isnot reflexive.
Symmetric: Let (a, b) € Rthen(b,a) € R.
(1,VeRso(d, NeR
(1,22 Rbut(2, Ve R
R is not symmetric.
Transitive : loet(a, b) e Rand (b, ¢) € Rthen(a,c) e R
(1,3 e Rand (3, 1) e Rso(l, e R
(2.1)e Rand(1,3) e Rbut (2, 3) e R
R is not transitive.
Since, R is not reflexive, not symmetric, and not transitive so R is not an
equivalence relation.
b R=AxA
Since, A x A contains all possible elements of set A. So, R is reflexive,
symmetric and transitive. Hence R is an equivalence relation.

W-l Let (A, <) be a partially ordered set. Let < be a binary

relation A such that foraand bin A, a is related to b iff b s a.
i. Show that < is partially ordered relation.
ji. Show that (A, 2) is lattice or not.

' ANEWEr ||
L (A S) is a partially ordered relation if it is reflexive, antisymmetric and
transitive.
Reflexive : Let a € A then by definition of relation, aF- -~ @ which
is true.
Hence, the relation R i.e., < is reflexive.
Antisymmetric: Leta, b € A and
aRb=b=sa

= adb
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—
= b K a 1-16__.‘]
aRb and bia holds only when a = b, Relation is antisymmetric. . W
Transitive : Let a, b, c € A and aRb and bRe q
= b<sa,c<h I
= csa \
= alRc :
Hence, relation is transitive. q
Therefore, < is a partial order relation. i !
|

il.  Since all the elements of the given set A are comparable to each other,
we always have a least upper bound and greatest lower bound for each
pair of elements of A and A is also a partial order relation. Hence, (4, <)
is a laltice.

Que 1.28. | Let n be a positive integer and S a set of strings. Suppose

that R_ is the relation on 5 such that sR_ t if and only if
8 = {, or both s nnd ¢ have at least n characters and first n characters
of s and f arc the same. That is, 2 «iring of fewer than n characters is
related only to itself; u string ¢ with at least n characters is related
to astring { if and only il { has at i2x4t n characters and ¢ beings with

the n characters at the start of s. AKTU 2018-19, Marks 07
Answer
We have to show that the relation R is reflexive, symmetric, and transitive. 3

1. Reflexive : The relation R, is reflexive because s = s, so that sR s
whenever 5 is a string in S.

2. Symmetric: If sR,_ f, then either 5 = £ or s and ¢ are both at least n
characters long that begin with the same n characters. This means that :
tR, s. We conclude that R is symmetric.

3. Transitive : Now supposc that sR ¢ and tR, u.Then eithers=tors
and ¢ are at least n characters long and s and ¢ begin with the same n
characters, and eithert = w or ¢ and « are at least n characters long and
t and u begin with the same n characters. From this, we can deduce that
either s =u or both s and 1 are n characters long and s and u begin with =
the same n characters, i.e., sR, u. Consequently, R, is transitive. ]

Que 1.24. [ LetX=(1,2,3,....,Tland R = {(x, y) | (x - ») is divisible by 3).
Is R equivalence relation. Draw the digraph of R.

AKTU 2017-18, Marks 07
Answer |
Given that X=1(1,234,>5,,6,7)
and R = l(x,y): (x -y)is divisible by 3 ]
Then R is an equivalence relation if
1
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—

ii Reflexive: ¥V x € X = (x - x) is divisible by 3

So, (x,x) e X ¥ x e X or, Ris reflexive.

ji. Symmetric:Letx,y e Xand (x,y) e R
= (x -y)is divisible by 3 = (x-y)=3n,, (n, being an integer)
= (y =x) == 3n, = 3n,, n, is also an integer
So, y —x is divisible by 3 or R is symmetric.

iii. Transitive:Letx,y,zeXand(x,y) e R,(y,2) € R
Thenx -y =3n,,y -z=23n, n, n,being integers
=x-z=3n; +n,), ng+ny;=ny be any integer
So, (x — z) is also divisibleby 3or (x,z) e R
So, R is transitive.

Hence, R is an equivalence relation.

| AJJ

'Fig. 1.24.1. Dingraph of R.

=

- [ PART-4
i g Furu:tlon 3 -.Ue:)'i'niti'on, Cfdssiﬁmffan of Functions, Opemriaf{s on
l . Functions, Recursively Defined Functions, Growth of Functions.

-_Que_stions-Anuwera

- LongAnmr Type and Medium Answer Type Questions

Que 1.25. | Define the term function. Also, give classification of it.

‘Answer I

1. Let X andY beany two non-empty sets. /
that assigns to each element x € X a unique ¢

9. Iffis a function from X to Y we write [: X > Y.

3. Functions are denoted by /. & h, 1 etc. ' e
4. It is also called mapping or transformation or correspon ‘

i » 1 frﬂm & to }r.
Domain Iu'l. d (i;) domm‘n 0 : i - Eh .
HIEI'I EELX 15 CcA e-d dﬂ[‘n[]u’l "i fl.lllCt Uni ml‘d 1 8 caﬂEd co do"IMIIOI h'"“: C j
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Discrete Structur

Range of function : The range of [ is se N
je.,Range (fi=1v:¥ € Yandy =/f(x) VX€4

Also Range (N Y

. i unctions : . ¢ .
Cla.wlﬁc::tlﬂi: F:::-rtiﬂns + Algebraic functions are those functions whieh,
1. Algebraic : "+ of terms involving powers and roots of the

consixt of a finite numt

independent variable x. - . .
Three particular cases of algebraic functions are :

i. Polynomial functions : A function of the form ax" + ax"y
+a where n isa positive integer andaga ..., a_are real constants

and a, = 0 is called a polynomial of x in degree n, for example
flx) —9¢1 4 5¢° + Tx — 3 is a polynomial of degree 3.

(x)
Rational functions : A function of the form -—;x) where [ (x) and

t of all images of elements of y

ii.

g{x) are polynomials.
iii. Irrational functions

irrational functions. flx) = Yx + 5 is an example of irrational

function. . o
2 Transcendental functions : A function which is not algebraic is called

transcendental function.

i. Trigonometric functions : Six functions sin x, cos x, tanx, secx,
cosec x, cot x where the angle x is measured in radian are called
trigonometric functions,

ii. Inverse trigonometric functions : Six functions sin™' x, cos™' x,
tan~ x, cot™! x, sec”! x, cosec™! x, are called inverse trigonometric
functions. - .

iii. Exponential functions: A function f(x) = a* (a > () satisfying the
law a' =a and a’a” = a** is called the exponential function.

iv. Logarithm functions : The inverse of the exponential function is
called logarithm function.

Que 1.26. I Give the types / operations on functions.

Answer I
1. One-to-one function (Injective function or injection) : Let
f:X — Y then fis called one-to-one function if for distinet elements of X
there are distinct image in Yi.e., f is one-to-one iff
flxy) = flx,) implies x, =X, V x4,X,, €X
A ¢ B

. Functions involving radicals are called

Fig. 1.26,1, One-to-ene.
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2 Onto function (Surjection or surjective function) : Letfi X — ¥
then f is called onto function iff for every clement Y € Y there is an

element x € X with flx) = y or [ is onto if Range N=Y.

Tch X Y
the ¢
.
intg e S .
PR “Fig. 1:26:2/0nto.
3. One-to-one onto function (Bijective function or bijection) : A
function which is both one-to-one and onto is called one-to-one onto
ind function or bijective function.
X Y
led 1 -—l-—-—r a
1 2e—t——»p—1—b
na . &
jad Fig: 1.26.3; Orie-{o-oné onto.
- 4. Many one function: A function which is not one-to-one is called many
) one function i.e., two or more elements in domain have same image in
’ co-domain i.e.,
L x, If f: X = Y then flx,) = flxg) = x| # xy.
ric X p'd
he f
=
—
18
["Fig. 1264, Many oné.”
5. Identity function : Let f: X — X then [ is called identity function if
fla)=a ¥ a € Xi.e. every element of X ig image of itself. It is denoted
et by L.
X 6. Inverse function (Invertible function) : Let fbe a bijective function

from X to Y. The in_verse function of [ is the function that assigns an
element y € Y, a unique element x € X such that flx) = y and inverse of
f denoted by /-, Therefore if fix) = y implies /! (y) = x.

Que 137.‘ Determine whether each of these functions {s a bijective

b -

|

| from R to R.

| a fix)=x*4+] b. flx)=2"

| e fid=(x4+1)/(x2+2) AKTU 2015-18, Marks 15
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1-20C (CS
Answer I .
- . - This shows
a fix)=x‘+1 anto.
Letx,, x, ¢ R such thn_t- Thus,gof
fix,) = fixy) By the de
"1'+::lr='r:‘;+l gofri:C
x°= . A}_ﬁur‘ +C
X = 2X, Then by th
Therefore, if x, = 1 thenx, = 1 Therefore,
So, f1s not one-to-one. Now |
Hence, fis not bijective.
b. Letx,x, e R such that fix,) = fix,)
=1,
X, =X,
[ is one-to-one.
Let ¥ € R such that Tst:m.
1 ¥
y=x —_
x = ()W Que 121
For v y e R3a unique x € R such that y = f(x) a. Com
[ isonto. b. Rect
Hence, [ is bijective. c. Prin
¢. Letx,x,e Rsuchthatfix,)=flx,)
1*—2 1 2 =
x;' +1 _:E.: +1 m
= 3 = . . Cﬂ
xy+2 x3+2 if:
If n= l.xzz-lthenﬂxl] = flx,) from
but s
~. [ is not ane-to-ane.
Hence, fis not bijective.
Que 1.28. | If f:A - B, g: B - C are invertible functions, then show
thatgo f: A = Cisinvertible and (g o N'aflog,
AKTU 2014-15, Marks 08
Answer I
Iff:A—Bandg:B - C be one-to-one ont R 1
& a r . - N N
ontonnd (g 0 )7 = f1 g g} unctions, then g ofis also one
Proof. Since fis one-to-one, f(x.) = f{
Again since g is one-to- 'f R i) =X =x fora,x ek 2
N 'f "' ne-to '.n‘.'l & ‘.\'] )= ﬁ' '_'0'»-,} — Tl = \'2 fu.r ¥ Y. © R iy
ow g o [ 18 one-to-one. sinee (1 x)=(coh LA g, 4
x e oD ] 8 ) SR e i)
2 1t L is nnr--lo-nne: b, Re
. , g Bl If is one-to-one '
Smncﬂg is onto, forz « €, there exintay ¢ B such that g (y) = ». Also f being E:
onto there exista x ¢ A such that f(x) = y. Henco z = g (y) o

=g u‘lIJI = U\'Un[}l}
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This shows that every element 2 € C has pre-image under gof. So, g o [ is
nnto.
Thus, £ o f is one-to-one onto function and hence (g o )~} exists.
By the definition of the composite functions, g o f: A = C. So,
gofirt:C—A.
Alsog':C—sBand/' B A,
Then by the definition of composite functions, [togt:C—A
Therefore, the domain of (g 0 /) ! = the domain of /' o g "
Now fgnﬂ"[:]:xc:rtgof)u]::
SR (flx) =z
©gly)=zwherey =[(x)

oy=gta)
ofly = yieN={og M)
crx=(flogNiz) ' () =x)
Thus, oM = (floghHiz.
So, goft=flog

Que 129, | Explain the following :

n. Composition of functions
b. Recursive function
e. Primitive recursion

a. Composition of functions :

Iff:X - Yandg:Y — Z then the composition of £ and g is a new function
from X to Z denoted by gof = g{flx)

fog

1. Iffand g are considered to be relations then composition of f and g
was denoted by fog whereas the composition of function f and g is
denoted by gof.

2. Composition of functions is not commutative i.e., fog » gof.

3. Composition of functions is associative i.e., folgoh) = (fogloh.
where i . X Y g:Y—+Z and/:Z -+ W.

b. Recursive function (Recursively defined function) :
. Sometimes it becomes difficult to define a function explicitly then it may
be easy to define this function in terms of itself. This technique is referred
| RS recursion.
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This concept of recursion can be used to define sets, sequence, ang
algorithms also. _ . _

We will define three functions which are called Basis function or Initiy)
functions that are used in defining other functions by induction,

1. Zero function :(Z:=(x)=0)
2. Successor function : (S s(x)=x4 1)
3. Projection function or generalized identity function :

U U} (x,, x4,....5,)=x,)
where superseripts n indicates a number of argument of the function
and subscripts ¢ indicates the value of the function is equal to th

argument.

¢.  Primitive recursion :

A function is called primitive recursion if and only if it can be constructed

from the initial functions and other known primitive recursive functions

by a finite number of operations and recursion only.

For example : Consider the function

fx,y) =x+y

Now flx,y+D=x+(y+1)
(x+y)+1
fix, y) + 1
Also flx,)=x+0=x
Now fix,0)=x = U, (x) «.(1.29.1)
Also flx,y+ ) =flx, y)+ 1

= Slfix, y)] where § is the suceessor function
_ | = (Udlx, v, fix, v)]) ..(1.29.2)

If we consider gix) = U, x) and hix, y, z) = SUPA(x,y,z2)
From eq. (1.29.1) and (1.29.2), we get f(x, 0) = g(x)
and fix, y + 1) = hlx, v, fix, ¥
Thus, ffs'nbtaimd from the in_ilial functions I/, U,® and S by applying
compositions once and recursion once. Hence, fis primitive recursive.

lQu 130. | Write short note on growth of functions.

1. We need to approximate the number of steps required to execute any
algorithm because of the difficulty involved in expression or difficulty in
evaluating an expression. We tompare one function with nnnt-her
function to know their rate of growths.
2. Iffand g are two functions we can give the statements like f has same »
growth rate as g’ or ‘f has higher growth rate than g, .—; .
3.  Growth rate of function can be defined through notation. F
-

Discrete Structures & Theory of Logic

a. 0-Notation (Same order) : This notation bounds a function to
within constant factors. We say fln) = 8g(n) if there exist positive
constants n, c, and ¢, such that to the right of n the value of fin)
always lies between c g(n) and ¢ £(n) inclusive.
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A ¢,(n)
fin)
c,gln)

ngfim =0 (go) =

m

b. O-Notation (Upper bound) : This notation gives an upper bound
for a function to within u constant factor. We write ﬂ{:} = Ofgln))if
there are positive constants n, and ¢ such that to the right of n,, the
value of fin) always lies on or below cgln).

A Cg{ n)

fin)

—t T
n, fin) = O(g(n))

c. 0-Notation (Lower bound) : This notation gives a lower bound
for a function to within a constant factor. We write fIn) = Qg(n))if

there are positive constants n, and ¢ such that to the right of n,, the
value of fln) always lies on or above cg(n).

4 fin)

cgin)

. —— -

- 1

Mo fin) =0 (gin))
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Describe mathematical induction.

M-at'r;t;matical induction is a technique of proving a proposition over f:he
positive integers. It is the most basic method of proof used for proving

statements having a general pattern. A formal statement of principle of
mathematical induction can be stated as follows :

Let S(n) be statement that involve positive integern=1, 2, ... the.n
Step 1: Verify S(1) is true. (Inductive base)
Step 2 : Assume that S(k) is true for some arbitrary k.

(Inductive hypothesis)
Step 3 : Verify S(k + 1) is true using basis of inductive hypothesis.

(Inductive step)
Que 1.32. | Prove that n® + 2n is divisible by 3 using principle of

mathematical induction, where n is natural number.

AKTU 2015-16, Marks 10

Let S(n) : n3 + 2n is divisible by 3.

Step 1: Inductivebase:Forn=1
(1% + 2.1 = 3 which is divisible by 3
Thus, S(1) is true.

Step I1: Inductive hypothesis : Let S(k) is true i.e., k3 + 2k is divisible by
3 holds true.

ork*+2k=3sfors e N
Step III : Inductive step : We have to show that S(k + 1) is true
i.e., (k+ 17+ 2(k + 1) is divisible by 3
Consider (k + 1) + 2(k + 1)
=k*+14+3k%+3k+ 2k 49
= (k3 +2k) + 3%+ k + 1)
=3s+ 3 wherel=k*+k4+1eN

=3s+1)
Therefore, S(k + 1) is true

Hence by principle of mathematical induction S(n) is true for 2l

nel.
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Que 1.33. l Prove by induction: —_ o d P S "

12 2.3 nn+l) TN
AKTU 2016-17, Marks 10

Answer |

Let the given statement be denoted by S(n).
1. Inductivebase:Forn=1

Hence S (1) is true.
2 Inductive hypothesis : Assume that S (k) is true i.c.,

1 1 1 k

-----

— t——H ot =
12 23 kk+1) k+1
3. Inductive step : We wish to show that the statement is true for

n=k+1lie.,

1 1 1 k+1

— e m— e + =

1.2 23 (E+1Xk+2) k+2

ND\'-'.L+-—1—+.....+ 1 + 1
1.2 23 k(k+1) (B+1)k+2)
k 1 B+ 2k+1

kel e lk+2 (k+Dk+2)
k+1

)

Thus, Stk + 1) is true whenever S(k) is true. By principle of mathematical
induction, S(n) is true for all positive integer n.

‘Que 1.84. | Prove by the principle of mathematical induction, that

the sum of finite number of terms of a geometric progression,
a+ar+art+...ar-'=al-Dr-1)ifr=1.

AKTU 2014-15, Marks 05

Buil Truefurn—llc,
LHS=a

alr-1) _
r-1

RHS=

TherEfﬂm. I-'-H-S. = R.H.S- .
Induction : Let it be true forn =k i.e,,
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Y

k
a(r’-=1)
atar+arts..+rartl= e ~(1341)

Now we will show that it is true for n = k + 1 using eq. (1.34.1)
ie., a+ar+ari 4.+ art +a

Using eq. (1.34.1), we get

k
alr —1) +l’1f‘
r-1

a ar* -a+ar*! —ar’ a(r**' -1
- r-1 - r-1
which is R.H.S. for n = k + 1, hence it is true forn=k+1
By mathematical induction, it is true for all nn.

Que 1.5, | Prove that if n is a positive integer, then 133 divides
Sgnet g gemee, [AKTU 2018-19, Marks 07]

Answer |

We prove this by induction on n.
Base case : For n =1, 11741 + 1221 =112 + 12! = 133 which is divisible by
133.
Inductive step : Assume that the hypothesis holds for n =k, ie.,
11++1 4+ 1221 = 133A for some integer A. Then for n = k+1,
117+ 4 12221 = 1144141 4 122!’k+t}—1
11542 4 12‘.’,&&-1
11* 11441 4 144 * 12242
11+ 11441 4+ 11 * 1221 4 133 = 122
11011447 4 1224-1] 4 133 * 122!
= 11° 133A + 133 * 122+
= 133[11A + 1221
Thus if the hypothesis holds for n =& it also holds for n = k + 1. Therefore, the
statement given in the equation is true.

Que 1.36. I Prove by mathematical induction
n'-4n® is divisible by 3 foralln > = 2.

:

wonouwn

[AXTU 2017-18, Marks 07

‘Answer

Base case : If n = 0, then n - 4n? = 0, which is divisible by 3.

Inductive hypothesis : For some n 20, n* — 4n? is divisible by 3.
Inductive step : Assume the inductive hypothesis is true for n. We need to
show that (n + 1)* —4(n + 1)* is divisible by 3. By the inductive hypothesis, We
know that i - 4n? is divisible by 3.

Hence (n + 1)* —4(n + 1)2 is divisible by 3 if

(n + 1)} — 4(n + D?— (n* —4n?) is divisible by 3.
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“Answer
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Now (n + 114 = 4(n + 1) - (n* - 4n?)

=ndednt s Bn? s 4n+1-4n2-8Bn -4 _pnt+ 4n?

=4nd + 6n% - 4n -3,

which 18 divizible by 3 if 4n® - 4n is. Since 4n° - 4n = 4n(n + 1)
tn - 1), we see that 42 - 4n 15 always divisible hy 3.

Going backwards, we conclude that (n + 1)* - 4(n + 11# iz divisible by 3, and
that the inductive hypothesis holds for n + 1.

By the Principle of Mathematical Induction, n® - 4n is divisible by 3, for all

ne ;.’l'
Que 1.27. | Prove by mathematieal induction
LI PR — 3933 = (107" = 9n = 10)/27
AKTU 2017-18, Marks 07

Answer I
343343334 e +3333 . =(10"*} —9n - 10V27
Let given statement be denoted by Str)
1. Inductive base:Forn =1

as 10’ -n-10y , _100-19 81 _4

27 27 27
3 =3 Hence Si1)1s tree.
2 Inductive hypothesis : Assume that Stk)is true i.e.,

3+334333 4 e + 3333 = (100 * ! - 9k - 1027
1 Inductive steps : We have to show that Stk + 1)is also true e,
34+33+ 3334 cernecnsenne (10% * 2 - gk s U 10v27
Now. 3«33 +...cccueeet +33.........3
23+334+333 +......ccnne I 3

e (10% * 1 - 9k — 10V27 + 3(10** 1 - 1)
(108!« 0k - 10+ 910" * 1 - 9127
(107 * 1+ 910"} -9k - 6 - 10V27 = (10% * 2 - &k + 1) - 10¥27
Thus Stk + 1) is true whenever S(k) is true. By the principle of
mathematical induction Sin) true for all positive integer n.

P

B | PART-6 .
| Proof Methads, Proof by Counter - Example, Proof by Contradiction.

.- —r--.-u- .
w

8 ¥ -

‘ -'.t " .“ L]
e .‘1‘ A g "
A =

e
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z

g s TR e !

Que 138, | What are the different proof methods ?

-55" &
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Answer I

Different methods of proof are :

1. Direct proof:In this method, we will assume that hypothesis p is trye
from the implication p - g. We can proof that g is true by using rules of
interference or some other theorem. This will show p - g is true. The
combination of p is true and ¢ is false will never occur.

2. Indirect methods : These are of five types as follows :

Proof by contrapositive.

Proof by contradiction (Reductio ad absurdum).

Proof by exhaustive cases,

Proof by cases.

Proof by counter example.

Que 1.39. I Explain proof by counter example.
Answer I

In this method, we will give an example for which given statement is false.
This example is called counter example.

For example : Prove by counter that every positive integer can be written
as sum of square of three integers.

To look for a counter example we will first write successive positive integers
as the sum of square of three integers.

o R OoPR

1=1%240%+0?
2=12+0°+12
3=124+1%2412
4=224+0"+0°
b=074+1242°

6=12+12422
But there is no way to write 7 as a sum of three squares which gives
counter example. Therefore, given statement is false.

;Que 1A40. l Explain proof by contradiction with example.

JAnswer I

In this method, we assume that q is false i.c., ~ g is true. Then by using rules
of inference and other theorems we will show the given statement is true
as well as false i.e., we will reach at a contradiction. Therefore, g must be
true,

For example : Prove that /3 is irrationnal.

Let /3 is arational number, Then 3 positive prime integer p and g such that

Jﬁ‘:-.-.-

p
qf

= 3= L o p2-342 ..(1.40.1)
7
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= 3p* (3 divides p?)
— afp (- 2 is &n intfger]
p=3xforsomex e Z
N p?= G2 -{L402)
From eq. (1.40.1) and (1.40.2) we get,
Ox? = 357
= q2 = 31'?
= ¥g* (3 divides ¢?)
= g

3 divides p and g which is contradiction to our assumption that p and

q are prime. Therefore, /3 is irrational.

Que 1.41. I Write a short note on the following with example :

i. Proof by contrapositive.
ii. Proof by exhaustive cases.
iii. Proof by cases.

Answer |

i. Proof by contrapositive : In this we can prove p — ¢ is true by
showing ~ ¢ — ~ p is true. It is also called proof by contraposition.
Example : Using method of contraposition if n is integer and 3 + 2is
even then n is even.

Letp:3n+ 2iseven
g:niseven
Let - gis truei.e., nisodd
= n=2k+1 wherekeZ
Now, 3n+2=3(2k+1)+2
=23k +2)+1
=2n+1wherem=3k+2¢c2Z
(3n+2)isodd = =~pistrue
Hence ~ g —» - pis true.
By method of contraposition p — g is true.

ii. Proof by exhaustive cases : Some proofs proceed by exhausting all
the possibilities. We will examine a relatively small number of examples
to prove the theorem. Such proofs are called exhaustive proofs.
Example : Prove that n* + 1 2 2" where n is a positive integer and
lsns4.

We will verify the given inequality n+ 122" forn = 1, 2, 3, 4.
Forn=1,1+1=2which is true

Forn=2;4+1>2?whichis true

Forn=3;9+ 1> 2 whichis true

Forn=4,16 + 1 > 24 which is true

In each of these four cases n*® + 1 = 2" holds true. Therefore, by method
of exhaustive cages n® + 1 2 2%, where n is the positive integer and
l1<n=4istrue.
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. In this method, we will cover up all the possip),

e across while proving the theorem.
real numbers, then max (x, ”

iii. Proof by Cnses
cases that we com
Example : Prove that if x and y are
min (x, y)=x+Y. ‘
Case I : If x <y, then max (x, ¥) + min
Case II :if x 2 v, then max (x, y) + min (x,¥)=x4+Y.

(x,y)=y+X=X+Y.

VERY IMPORTANT QUESTIONS

Following questions are very important. These questions
may be asked in your SESSIONALS as well as
UNIVERSITY EXAMINATION.

Q.1. Prove for any two sets A and B that, A U B)' = A'n B,
Ang Refer Q. 1.8

Q.2. Show that R = ((a, b)|a = b (mod m)] is an equivalence
relation on Z. Show that if x, » ¥, and x, = y, then (r, + x,) =
(¥, +5,)

AmE Refer Q. 1.18.

Q.3. Let R be binary relation on the set of all strings of 0's and
I's such that R = ((a, b)|a and b are strings that have the
same number of 0's). Is R is an equivalence relation and a
partinl ordering relation ?

aAnx Refer Q. 1.19.

Q. 4. LetA[(1,2,38,......, 13). Consider the equiyv '

» 13). quivalence relation
on A x A defined by (a, b) R (¢, d) ifa + d = b + . Find
equivalence classes of (5, 8).

Anx Refer Q. 1.20.

The following relation on A = (1 2.3 : er
the following : 12,3, 4. Determine wheth
R={(1,3),(3,1),(1,1),(1,2), (3, 3). (

ReAxa (4, 4))

Is an equivalence relation or not ?

Refer Q. 1.21.

-PE o
> FEow

Let n be a positive integer and S o set 3

that B_ is the relation on S such tlintir;ﬂ?i’;:‘;ilﬁ
s ={, or both s and ¢ have at least n chnruétors and first ?
characters of s and ¢ are the same. That in, o string of fewe’
than n characters is related only to itself: string s with 8¢
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|

least n characters is related to a string f if and only if  has
at least n characters and f beings with the n characters at
the start of s,

Refer Q. 1.23.

R equivalence relation. Draw the digraph of R.

And
Q7. LetX=1(1,2,3,...,7) and R = ((x,y) | (x - y) is divisible by 3). Is
asx Refer Q. 1.24.

Q.8 Determine whether each of these functions is n bijective
from R to R.

a. flx)ext s

b. flx) =2’

e flx)=x"+ D +2)
Ak Refer Q 1.27.

Q.9. Iff: A = B, g: B - C are invertible functions, then show
thatgof: A = Cisinvertibleand (go N =f'og".
Anx Refer Q. 1.28.

Q.10. Prove that n? + 2n is divisible by 3 using principle of
mathematical induction, where n is natural number.
ASE Refer Q. 1.32.

. g o 1 1 n
Q.11. Prove by induction: E*Eh'ﬁm. nel)"

AsE Refer Q. 1.33.

Q.12 Prove by the principle of mathematical induction, that
the sum of finite number of terms of a geometric
progression,
a+ar+arr+..arr-=alrr=-1)r-1)ifr=1.

ABE Refer Q. 1.34.

Q.13. Prove that if n is a positive integer, then 133 divides
11=2 5 JB™~Y,

Ak Refer Q. 1.35.

Q.14. Prove by mathematical induction, n* - 4n? is divisible by 3
foralln >=2,

ANk Hefer Q. 1.36.

Q.15. Prove by mathematical induction
34034333 4 vnnene 3333 = (107 ' - 9 - 10)/27

AnE Refer Q 1.37. OO
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_ PART- 1 B RN e
Algebraic Structures : Definitin, Groups, Subgroups and Order.

[ —_—

: Qualtiwm 3 k= f 4 _
Ling Answor 1906 sk et k, '-»'--~_.T:f:--°-_ﬁ.. Satiing

",i ¥y 2

. Que 2.1. | What is algebraic structure ? List properties of algebraic
system.

Answer I

Algebraic structure : An algebraic structure is a non-empty set G equipped
with one or more binary operations. Suppose * is a binary operztion on G.
Then (G, *) is an algebraic structure,

Properties of algebraic system : Lot (S, %, +) be an algebraic structure
where * and + binary operationon S :

Closure property:(a*h) e S va, b, eS
Associative property:(e*b)*c=a*(b*¢) wva,b,cecS
Commutative property:(a *b)=(b * a) vabel§

Identity element: 3 ¢ ¢ Ssochthate * e =a (right identity) v a € S,

e is called identity element of & with: -espect to operation *.

Inverse element : For everya € S, 3a~! e S such that

a®al=e=zal*a

here a71 is called inverse of ‘a’ under operation *.

6 Cancellation property :
a*b=a*c=b=candb*a=c*a=b=c VvV abceSandaz0

7. Distributive property: V a,b,c € S
a®(b+c)=(a®b)+(a*c)right distributive)
(b+c)*a=(b*a)+(c*a)leht distributive)

8 Idempotent property: An element a € S is called idempotent element

with respect to operation * ifa * a = a.

foll;!& | Write short notes on :

I

i. Group ii. Abelian group ]'
iii. Finite and infinite group iv. Order of group .
v. Groupoid :
Answer |

i Group:Lst (G, *) be an algebraic structure where * is binary operation
then (G, *) is called a group if following properties are satisfied :
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Discrete Structures & Theory of Logic 2-3C (CS’IT-Sem 3
*d)

T~
1. a®*beG Y abeGlclosure property]
2 a*(b*c)=(a*b)*c V¥a,b,ce G [associative propertyj
3. There exist an element ¢ & G such that foranya ¢ G ]
a*e=e¢*a=¢ [existence of identity]
4. Foreverya G, 3elementale G
suchthata *a'=a'*a=e¢
For example :(Z, +), (R, 4), and (@, +) are all groups.

ii. Abelinn group : A group (G, *)is called abelian group or commutatiy,
group if binary operation * is commutative r.e., @ *b=b*avabeq
For example : (Z, +) 15 an abelian group.

jii. Finite group : A group |G, *| is called a finite group if number of

clements in G are finite, For example G = (0, 1,2, 3, 4, 5] under @ isq
finite group.

Infinite group : A group (G, *| is called infinite group if number of
element in G are infinite. .

For example, (Z, +) is infinite group.

iv. Order of group: Order of group G is the number of elements in group
G. It is denoted by o (() or |G |. A group of order 1 has only the identity
element.

v. Groupoid:Let (S, ") be an algebraic structure in which S is a non-
empty set and * is a binary operation on S. Thus, S is closed with the
operation *. Such a structure consisting of a non-empty set S and a
binary operation defined in Sis called a groupoid.

Que 2.3. I Describe subgroup with example.

Answer l
If (G. *) is a group end H ¢ G. The (H, *) is said to subgroup of G if
(H,*) is also a group by itself. i.e.,
(Wa*beH VabeH (Closure property)
(2)3e € Hsuchthata*e=a=e*aVa eH
Where e is called identity of G.
(3) 3¢~ e Hsuchthata vg-lz¢=a'"aVaecH
For example : The set @ of all non-zero +ve rational number is subgro¥

of Q@ - 1{0].
Que 2.4, | Show that the set G =[x +yJ2 |x, ¥ € Q) is a group with

respect to addition.

i ”_C_lusure 3
Let X=x,+ 2
Y=x3+ J2 ¥
where x,, X5, Y11 Y2 € Qand X,Y & G

T
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2-4 C (CS/IT-Sem-3) Algebraie Structures

Then X+ Y =(x;+ J2y) + (x;+ [2y,)

= () + xy) + (y, +y2l.f§

= JI.I + 'J;E}'l c G “r'h{'r‘L' JYI. }.1 € Q
Therefore, G is closed under addition [ ~. Sum of two rational numbers is
rational],

jii. Associntivity:
letX,YandZ € G

Xex + J2y,Y=xy+ 2y, Z=x3+ 2y,

“here.tl. Xgy X3, Y10 Yo, ¥3 € @
Consider (X + Y) + Z = (x, + ‘E-"'l + Xy + Jﬁy23+(13+ \@J’g’

= ((xy +x,) 4 (yy +¥y) J2) 4 (xq + JEJ‘,J

= (x; + X+ x5) 4 () +¥g +¥9) V2 (2.4.1)
Also X+(Y+2)=(x;+ 2y + ((xg+ V2,0 + (x5 + J2¥5))

= (e, + J2x,) 4 ((xy +xy) + (v +¥3) J2)

= (x; + Xy +x5) + (y, + ¥y +¥3) V2 ..(2.4.2)
From eq. (2.4.1) and (2.4.2)

X+V+Z=X+(Y+2)

Therefore, (7 is associative under addition.
iii. Identity element:

Let ¢ £ G be identity elements of G under addition then
(x+yJ2)+le;+e,J2)=x+y 2

wheree =¢, +e, J2 and €. 5.5,y €Q
e, +e,J2 =0+40/2
¢e;=0ande, =0
Therefore, 0 € G isidentity element.
iv. Inverse element:
-x-yJ2 e Gisinverseofx+yJ2 ¢G.

Therefore, inverse exist for every element x +y /2 € G such that,y € Q.
Hence, G is a group under addition.

ﬁuﬁ.ﬁ. | Let H be a subgroup of a finite group G. Prove that order |
of H is a divisor of order of G. m#m Marks 07

L LotHbe any sub-group of order m of a finite group G of order n. Let us
consider the left coset decomposition of G relative to H.

2. We will show that each coset aH consists of m different elements.
Let H= [fll. }lz, . hnl
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3. Thenah,,ah,, ... ah,,are the members of aH, all distinct,
For, we have
ah, = m’:j = h, = h_',-
by eancellation law in (. o '
4. Since (3 is a finite group, the number of distinct left cosets will 41,
finite, say k. Hence the total number of elements of all cosets iy

» ber of elements of G.

P L
which is equal to the total num

Hence

n=mk .
This show that m, the order of H, is a divisor of n, the order of t},,
group G.

We also find that the index k is also a divisor of the order of the groyp,

Que 28, | Define identity and zero elements of a set undera binary

operation *. What do you mean by an inverse element ?

Answer I
Identity element : Anelement e in a set S is called an identity element with
respect to the binary operation ® if, for any element a in §

a*e=e¢e*a=a
Ifa * ¢ =a, then ¢ is called the right identity element for the operation * and
ife * a =a, then e is called the left identity element for the operation *.
Zero element : Let R be an abelian group with respect to addition. The
element 0 € R will be the additive identity. It is called the zero element of R.
Inverse element : Consider a set S having the identity element e with
respects to the binary operation *. If corresponding to each element
a € S there exists an element b < S such that

a*b=b"a=e¢
Then b is said to be the inverse of @ and is usually denoted by a -1, We saya
is invertible.

Que 2.7, | Provethat (Z,, (+,) is an abelian group of order 6, where
Z,=10,1,2,3,4,5). AKTU 2014-15, Marlks 05
—

-

The l:ompt;sition tableis :

(=T [ - Ty L S e
O W L3N
B = O Oy e Lo E3
QN OO | i
N -~ en

N L R I - Y

Since o

"
a
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e —

4+,6=3
FFrom the table we get the following observations :
Closure : Since all the entries in the table belong to the given set Z,. Therefore,
Z, is closed with respect to addition modulp 6,
Associativity : The composition '+ ' is associative. If @, b, ¢ are any three
elements of Z_,
atyb+ch=a+ (b+e) [ b+,c=b+clmod6)
= least non-negative remainder when a + (b + ¢) is divided by 6.
= least non-negative remainder when (a + b) + ¢ is divided by 6,
={la+bl+,c=(a +.b) 4, c.
Identity: We hnve 0 c Z . If ¢ is any element of Z,, then from the composition
table we see that
ﬂ-l-nr; =f =1 +a[]
Therefore, 0 is the identity element.
Inverse : From the table we see that the inverse of0,1,2,3,4,5are 0,5, 4,
3, 2, 1 respectively. For example 4 +,2 = 0 = 2 +_4 implics 4 is the inverse
of 2.
Commutative : The composition is commutative as the elements are

symmetrically arranged about the main diagonal. The number of elements
inthe set Z_is 6.

(Z;, +) is a finite abelian group of order 6.
Que 2.8, | Let G = (1, - 1, i, - i] with the binary operation

multiplication be an algebraic structure, where i = J-1.Determine

whether G is an -nhell:m or not. AKTU 2018-19, Marks 07
- The composition table of G is
* 1 -1 ) - i
1 1 -1 ] -
-1 -1 1 - i
i i - -1 1
-i —i i -1 1

1. Closure property : Since all the entries of the composition table are
the elements of the given set, the set G is closed under multiplication.
Associativity : The elements of G are complex numbers, and we know
that multiplication of complex numbers is associative.

Identity : Here, 1 is the identity element.

Inverse : From the composition table, we see that the inverse elements
ﬂrl. = 1! il e | are 1. - 1: "‘-r i mwi‘.ﬂl}.-

I
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e
g rows and columns of the tah).
peration is commutative. H‘-‘nre-

Discrete Structures & Theory of Logic

5. Commutativity : The carres?ondlr;
are identical. Therefore the binary

(G.*)is an abelian group.

Que 2.9 | Write the properties of group. Show that the set (1,2, 3

4. 5) is not group under addition and multiplication modulo 6.

AKTU 2017-18, Mnrk@

Answer : >
Properties of group: Refer Q. 2.2(i). Page 2-2C, Unit-2.
Numerical :

Addition modulo 6 (+;
operation +4is given as:

) : Composition table of S = (1, 2, 3, 4, 5] under

w1 2 8 4 5
1 /2 3 4 b 0
2138 4 5 0 1
3|4 5 0 1 2
s |5 o 1 2 3
5|0t -2 8 4

Since, 1+35=0but 0 ¢ Sie., S is not closed under addition modulo 6.
So, Sis not a group.

Multiplication modulo 6 (*j) :

Composition table of S = (1, 2, 3, 4, 5] under operation *g is given as

*a 1 2 3 4 b

o GO R e
B LY BD
N O & B
o W o W

O N
I o I S |

5 b 4 3 2
Since, 2 *s3=0but0e S

S0, Sis net o group, l.e., Sis not closed under multiplication modulo 6.

gl!.!ﬂ !tlan lel G = la, ﬂlp ﬂ". ﬂ‘i
element,

05, n‘ = el_ Fi]:ld thl’.'. ﬂl"der nl'et'ﬂ'f

?{az::aﬁf; —ola)=6
ola*): (0*P = g6 =¢ — 0 (a2) =
olad) . {33].2:“5:.? —bﬁ{ﬂa)ﬂ:
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u{a.”‘J (at)d = 12 [nﬁp-—p =¢—-»0(a?)=3
ola%) : (a®)8 = g30 - (P =eP=p > 0la™ =6
0(a%) : (@b = g6 = p n[nﬁl =]

Que 2.11. I Let G be a group and let a, b €« G be any elements,

Then
i (@M)'=a
iil. (@*b)'=b"'"* g, AKTU 2014-156, Marks 05
Answer
i. Lete be the identity element for * in G.
Then we havea *a-'=¢, wherea-! € G. '
Also(a-Y)-1*g-1=

Therefore, (a~-")-1*q-1=zg*aq-!,
Thus, by right cancellation law, we have (a 1)~ ! = a.
ii. Letaandb e G and Gis agroup for *, thena * b € G (closure)

Therefore, (a*b) " '*(a* b)=e. -.(2.11.1)
Let a - ! and b - ! be the inverses of a and b respectively, then a -
b-'eG.
Therefore, (b='*a-D*(@*b)=b-"'*(a-'*a)" b (associativity)
=b-1%e*bh=b-1"h=¢ .(2.11.2)
From (2.11.1) and (2.11.2) we have,
(@*b)-"1*(@*b)=(b-1* 'll'la'b)
(@*b)-'=b"1"a (by right cancellation law)
Que 2,12, | Prove that the intersection of two subgroups of a group
is also subgroup. AKTU 2014-15, Marks 05

Answer |
Let H, and H, be any two subgroups of G. Since at least the identity element
eis cnmmnntobothH and H,.
H, r'\H =e¢
lnordertoprmre thatH AH ,i8 a subgroup, it is sufficient to prove that
acHNH, beH, ﬁH :ab"EH N,
NowaEH nH =:-GEH tmda €H,
bEHﬁH -_-"-bFH andbEH
ButH, H, aresubgruupa There!'ore.
aEH be H =ab'eH,
a EH bEH = ab-! EH
Fmal]y.ub i eH, ab' e H, :::ab‘EH nH,
Thus, we have shnwn that
GEHI"\H bEHﬁHﬂﬂb-:EHﬂH

Hence, H, nH tnnmbm'ﬂﬂpﬂ
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Que 2.13, l Lot G be the set of all non-zero real number and e
@ * b = ab/2. Show that (G *) be an abelian group.

AKTU 2015-16, Marks m

‘Answer I
i. Closure property :Leta, b e G.

a*b= @ eGnsnb=z0

= * is closure in (5.

ii. Associntivity:Leta,b,cc G

l albe)  abe

Consider a*Mb*¢)=a” (—5] = : i T
(@®b)*c= [E_E) *o= 'lab}c'__‘g_fic_

- d 1 4

= * is associutive in G.
iii. Existence of the identity : Let a € G and 3 ¢ such that

ae
= ae = 2a
= e=2

2is the identity element in G.
iv. Existence of theinverse:letacGandb e Gsuchthnta"b=¢=2

= Eé=2
2

= ab=4

= b=i

a

4

The inverse of ais = va e G.

a
v. Commutative:Leta,b c G

n*b= _ﬂ_-!:
2
ﬂnd b',ﬂ: b_ﬂ=£!£ [
s 2

= *is commutative,
Thus, (G, *) is an abelian group.

Que 2.14. | Prove that inverse of each element in a group is unique-
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Answer

Let (if possible) b and ¢ be two inverses of clement a € G.
Then by definition of group :

b.ﬂ=fl‘b=f_l

and a®c=c*ag=e¢e
where e is the identity element of G
Now b=e*b=(c*a)*b
=c*(a*h)
=c®c
=0
b=c

Therefore, inverse of an element is unique in (G, *).

———— . ————— S -

PART-2
Cyclic Group, Cosets, Lagrange's Theorem.

wmnn-'
Long Answer Type l_ﬁd Medium Answer Type Questions

Que 2.15. | Define cyclic group with suitable example.

.;»_A‘\'l_l'llt'er - I

Cyclic group : A group G is called a cyclic group if 3 at least one element a
in G such that every element x € G is of the form a”, where n is some integer,
The element a G is called the generator of .

For example : 1
Show that the multiplicative group G = (1, - 1, i, - {] is cyclic. Also find its

genc-rators.
We have, =i, f=-1%=-fi'=1
and (-iN=—i(=iP2==1(-P=i(-it=1

Thus, every element in G be expressed as i" or (-{)"
G is cyclic group and its generators are{ and — 1.

LQ"_"J" Prove that every group of prime order is cyelic.
AKTU 2018-19, Marks 07

5T ozt ey S l
L LetGhe a group whose order is a prime p.
2. SincePs 1, there is an element a € G such thata = e.
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by ‘a’ is n subgroup of G.
he order of ‘a’ divides |G1.
parelandp. Since a # ¢ we have | <as|s

3. The group <a> generated

4. By Lagrange's theorem,

5. But the only divisors of [G|=
1,80 |<a>]| = p.

6. Hence, <a>=0Gand G is cyclic.

Que 2.17. l Show that every group of order 3 is cyclic.
AKTU 2014-15, Marks m

Answer I

1. Suppose G is a finite group whose
prove that Gisa cyclic group.

2 Aninteger p is snid to be a prime

divisars of pure £ 1, 2 p.
4 Some G is a group of prime order, therefore (; must contain at least 2

eloment. Note that 2 is the least positive prime integer.
4. Therefore, there must exist anelementa € (7 such that a # the identity

order is a prime number p, then to

number if p # 0, p # 2 1, and if the only

element e.
5 Since a is not the identity element, therefore ola) is definitely = 2. Let

ola) = m. If H is the cyclic subgroup of G generated by a then

o(H =o(a)=m).
6. By Lagrange's theorem m must be a divisor of p. But p is prime and

m = 2. Hence, m = p.
7. . He=G.Since His cyclic therefore G is cyclic and a is a generator of G.

i hmua. Show that group (G, +,) is a cyclic group where G = (0,1,
2, 3, 4). What are its generators 7

Composition table of G under operation +, is shown in Table 2.18.1.
Table 2.18.1.
+g 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

0 is the identity element of G under +5
1'=12 1mod5
12141 = 2mod5
]:=1+1+l m3modb
1;n1+1+1+1 m 4modb
I°=1=1414141=20mod5
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where 1" means 1 is ndded n times

Therefore, 1 is generator of G.

Similarly, 2, 3, 4 are also generators of (3,

Therefore, (7 18 a cvelic group with generator 1, 2, 3, 4.

Que 2.19. | Show that G = [(1, 2, 4, 5,7, 8), X,] Is eyclic. How many
generators are there ? What are they ? [AKTU 2015-16, Marks 7.5

Answer
Composition table for X is
X, | 1 2 4 b I
1 2 J 4 5 718
2 2 4 8 1 5 |7
4 4 8 7 2 1|5
5 ] 1 2 7 8 | 4
7 7 5 1 8 1 | 2
B 8 7 b 4 211

1 is identity element of group G
2 =2=2mod9
22=4=4mod9
23=8=8mod9
21 =16 = Tmod 9
25=32=5mod9
26=64=1mod9
Therefore, 2 is generator of G. Hence G is cyclic.
Similarly, 5 is also generator of G.
Hence there are two generators 2 and 5.

Que 2.20. I Define cosets. Write and prove properties of cosets.

Answer I
Let H be a subgroup of group G and let a € G then the set
Ha = (ha : h « H) is called right coset generated by H and a.
Also the set alf = ah : b ¢ H] is called left coset generated by @ and H.
Propertics of cosets : Let / be a subgroup of G and let a and b belong to
G. Then
l. scaH

l‘roof:a =agecalH

Since ¢ is identity element of G.
2 aH=Hiffecc H,
Proof:latal =},
Thena = ae = gl = H (e is identity in G and 8o is in /)
=aecH

3. al=bHoraH N bH=4
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Proof:LetaH=bHoraH [ bH=¢
and to prove that aH = bH.

Let aH (1 bH

Then there exists &, h, € H such that

x =ah, and x = bh

a=xh 1_1 = b}lz }lldl

Since H is a subgroup, we have h, h,~ € H

lethy "' =h eH

Now, aH = bhyh,™! H = (bh) H =b (hH) = bh (- hH = H by property 2)
aH=bHifaH N bH &

Thus, eithera H | bH = é or aH = bH.
4. aH=bHiffa b e H.
Proof: Let aH = bH.
alaH = a1 bH
eH = a"1bH (e is identityin G)
H=(a"'b)H
Therefore by property (2); a~1 b € H.
Conversely, now ifa ' b € H.
Then consider bH = e (bH) = (a a™!) (bH)
=a(1"'b)H
= aH
Thus aH = bH iffa-1b e H.
b. aHisasubgroupofGiffa € H.
Proof : Let aH is a subgroup of G then it contains the identity e of G.

Thus,aH [ eH = ¢

then by property (3) ;aH =eH =H
adH=H=aecH

Conversely, if a € H then by property (2); af = H.

,Qt!‘ﬁ_?._ﬂi. I State and prove Lagrange's theorem for group. Is the
converse true ?7 AKTU 2016-17, Marks 10

Answer |
Lagrange's theorem :
Statement : The order of each subgroup of a finite group is a divisor of the
order of the group.
Proof : Let G be a group of finite order n. Let H be a subgroup of G and let
O(H) = m. Suppose h,, h,,.... ... , h, are the m members of H.
Let a € G, then Ha is the right coset of I{ in G and we have
Ha= |h,a, h,a,..h,  al

Ha has m distinct members, since =h a=h a=h = hj g
Therefore, each right coset of H in (7 has m distinct members. Any two ‘
distinct right cosets of H in G are disjoint i.e., they have no element in |
|
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common. Since G is a finjte Broup, the numbhe

G will be finite, say, equalto k. The union oft}
in (7 is equal to @,

Thus, if Ha,, Ha,,...., Ha, are the };
G =Ha, v Ha,u Ha,u ... v Ha,
= the number of elements in G =

rof distinet right cosets of Hin
wese k distinet right cosets of H

distinct right cosets of H in ;. Then

the number of elements in

gnl R +the number of elements in Ha, +......+ the number of elements in
a,
= O(G) = km
= n=rkm
= F T
m

= misadivisor of n,

= O(H) is a divisor of 0(G).

Proof of converse : If G be a finite group of order n and n € G, then
) a"=¢

Let o (@) = m which implies a™ = ¢,

Now, the subset H of G consisting of all the integral power of a is a subgroup

of G and the order of H is m.

Then, by the Lagrange's theorem, m is divisor of n.

Let n = mk, then

a” =ami=(am)*=|3‘*=ﬂ
Yes, the converse is true.

Que 222, ] State and explain Lagrange's theorem.

Answer l
Lagrange’s theorem : -
If G is a finite group and H is a subgroup of G then oll) divides o(G).
Moreover, the number of distinct left (right) cosets of H in G is olG Vol H).
Proof : Let H be subgroup of order m of a finite group G of order n.
LetH (h, h,, ... &
Let q r[ (:‘ 'I%:en aﬁ!s a left coset of H in G and aff = ah,, a,ﬁ?. ah_) has m
distinct elements as ah, =ah, = h, = h by cancellation law in .
Thus, every Jeft coset of H in G has m distinct elements. | e
Since G is a finite group, the number of distinet left m%:ets".‘n!l uhft; " {inu(-.
Let it be k. Then the union of these k-left cosets of / in (7 is equal to .
Le., ir“:”: a,H, ..., a H are right cosets of / in G then

G=aHHoualu.. waH.

= H) .
o(G) = ola, H) + ola,H) + ... +;}L¢::ti"ﬂ Jef cosets are mutually disjoint.)

> ‘SJ:I:-.-C[;::‘: m o+ ...+ m lk times) |
Am P |
N n=mk = -
uh‘.’_ﬂl
e
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Thus order of each subgroup of a finite group G is adivisor of the order of the
group. '
Cor 1 : If H has m different cosets in G then by Lagrange's theorem :

o(G) = m olH)
B ot = ol(3)
- T ol HD
(@)
G:Hl= ——
| l ol FH)

Cor2:1f |G| =nanda = Gthena" =¢

Let [a]=m = a™=¢

Now, the subset H of G consisting of all integral powers of a is a subgroup of
G and the order of £ 15 m.

Then by Lagrange's theorem, m is divisor of n.

Lat n = mk, then

at=a™ =(a"t=et=¢
Que 2.23. |

a. Prove that every cyclic group is an abelian group.
b. Obtain all distinct left cosets of ((0), (3)] in the group
(Z,, +¢) and find their union.

c. Find the lef* cosets of [[0], [3]] in the group (Z, +,).
AKTU 2016-17, Marks 10

Answer

a. Let G be acyclic group and let a be a generator of G so that
G=<a>=la":neZ)
If g, and g, are any two elements of G, there exist integers r and s such
that g, =a" and g, = a". Then
g1g2= al"nl =a1’+l =al0r=a| . af=g£1
So, G is abelian.
b. .~ [0]+H=I[3]+H,I[1]+(4] + Hand [2] + H = [5] + H are the three
distinct left cosetsof Hin(Z,, + ).
We would have the following left cosets :
g/H=1g, h.heH
g-H =g, h, h e H
g H=z hheH)
The univn of all these sets will include all the g* s, since for each set
g, =g h heH
we have g, g,=1g, kheH
where ¢ is the identity.
Then if we make the union of all these sets we will have at least all the
elements of g. The other elements are merely g, for some &, But since £, ¢ G
they would be repeated elements in the union. So, the union of all left costt*
ofHinGis G, ie.,

Z; = 110], (1), [2], (3], (4], [5]}
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e

c. Let Zg = 1101, 111, (21, (3), (4], 5]) be a group.

H=1101, 3]) be q ¢ £l
The left cosets of H are, subgroup of (Z, +,).

(0] + H = {[0), [3))
(1) + & = 1), (4])
(2] + 1 = ([2], [5])
131 + H = (13], (o))
(4] + H = ([4], 1))

(51 + H = ([5), [2])

Que 2,24, I Write and prove the Lagrange’s theorem. If a Eroup
G={(..-3,2,-1,0,1,2 3
IfTHisa subgroup of gr

1) having the addition as binary operation,
oup G where »* ¢ H such that x € G. What is

H and its left coset w.r.t 1 ? AKTU 2014-15, Marks 05
Answer I
Lagrange's theorem : Refer Q. 2.22, Page 2-14C, Unit-2.

Numerical :

H=Ix*:1xeG)=1(0,1,4, 9,16,25 ...
Left coset of H willbe 1+ H = (1. 2, 5,10, 17, 26, ....)

Q_l_u_g 2.25. | What do you mean by cosets of subgroup ? Consider the

group Z of integers under addition and the subgroup
H=(..,-10,-5,0, 5, 10, ....) considering the multiple of 5.

i Find the cosets of H in Z.

ii. What is index of Hin Z 7

B

Coset : Refer Q. 2.20, Page 2-12C, Unit-2,

Numerical

i. wehnve2=[_7,_5,_5,-4,-3,—2,—1.0,1,2,3,4,5.6.....1
and H=|..,-10,-5,0,5,10,..)
Let 0 € Z and the right cosets are given as

H=H+0=(..,-10,-5,0,85, 10, ....]
H+1={..,-9-4,16,11,..)
H+2=|..,-8,-3,2,712,...
H+3=1..-7-23,813,...
H+4=(..,-6,-1,4,9 14, ...
H+5={(..,-10,-5,05,10,..]=H !
Now, its repetition starts. Now, we see that the right cosets, -
HH, LH+2 H+ 3, H + 4 are all distinct and more over they are
. disjoint, Similarly the Jeft cosets will be same as right cosets. E
i Index o[ H in G is the number of distinct right/left cosets.
Therefore, index is 5,
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—
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e |

Que 2.26. l Write short notes »n :

a. Normn!' cubgroup
b. Permutation group

Answer |
n. Normal subgroup : A subs -+ * of G is said to be normal subgroup
of GifHa=aH ¥ ac Gir ! ight coset and left coset of H is G
generated by o ure the sam -
i Clearly, every - ibgrow an abelian group G is a normal
subgroup of G. Yora € «. ~ v« € H,ah = ha,
ii.  Since acyclic groupis oi- .+ every subgroup of a cyclic group is
normal.
b. Permutation group : A set G of all permutation on a non-empty
set A under the binary operation * is called permutation group.
IfA=11,2,3, ..., nl, the given permutation group formed by A is also

called symmetric group of degree n denoted by S_. Number of elements
of §_ will be n!.

Cyclic permutation : Let A = [x,, xy, ..., x ]. Then let ¢, £,.... & be
elements of set A and permutation P: A — defined by i

Pty =1t, )

Pty =t,

...........

...........

| Pit,) = t,
is called a cyclic permutation of length .

c [

Fnremmple:Cnnm'dcrA=[u'b'c'd.t.l*mnletpz(a b ¢ d ‘].
b d a
Then P has a cycle of length 3 given by (a, c. d).

Que 227, | Define the subgroup of a group. Let (G, o) be a grouwi-

[ﬂlff=iﬂ|atclndaob_—_b e fl
normal subgroup. o a for all b ¢ G). Show that H 15
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Answer
Subgroup : If (G, *)is a group and H ¢ G. Then (H, *) is said to subgroup of
Gif (H,*) is also a group by itself,
l.-l-'-r
1. a*beHVa,be H(Closure property)
9 Jee Hsuchthata*e=a=¢"a Yvae

where e is called identity of G.
1 3ﬂ+1EHSHCthHtﬂ'n'I=e=rx'l'a Vae H
Numerical : Let (G, x) be a group. A non-empty subset H of a group G is said
to be a subgroup of G if (H, *) itself is a group.,

Given that, H=lala eGandaob=boa; Vb eGl

Let abeH=aox=xoaandbox=x0b, vxeG

= (box)"'=(xah)!

= x~lob-l=ph-lox!

= b-leH.

Now, (@ob~YHox=aolb-'ox) [+ oisassociative]
=aolxob~1) [+ useb~!eH]
=(eoxlob~! [+ aeH]
=(xoa)ob!

=xo(aob~!)
= aob-leH
Therefore, ¥ is a subgroup of group G.
Leth e Hand g € Gand anyxin G.

Consider
(gohog-Yox=(gog-loh)ox [+ heH]

=(eohlox=hox
=xoh [+ heH]
=xolhogog™")
=xo(@gohog™ [+ heH

= gohog-'eHforanygeG

* H is a normal subgroup of G.

Que 5-33-1 If N and M are normal subgroup of G then NnNMisa
normal subgroup of G.

Answer I

Nor o . o
As N and M are subgroups of G then N N M is a subgroup of G. Letg €
anda e NN M I
@ecNanda e M. .
Since N is normal subgroup of G. gag'eN
Since M is normal subgroup of G. gag'eM
“ pag® e N N M is a normal subgroup of G.
Hence N N M is @ normal subgroup of G.
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Group Homomorphism, Definition and Elementary Properties of
Ring and Fields.
| Qqeationp-ﬁnﬁvﬁrs- |

Long Answer Type and Medium Answer Type Questions

Que 2.29, | Discuss homomorphism and isomorphic group.

Answer I

Homomorphism : Let (G, *) and (G,, *) be two groups then a mapping
[:G, - G,iscalled a homomorphism if fla ® b) = fla) * Ab) for alla, b ¢ G,

Thus fis homomorphism from G, to G, then fpreserves the composition in
G, and G, i.e., image of composition is equal to composition of images.

The group G, is said to be homomorphic image of group G, if there exist a
homomorphism of G, onto G,.

Isomorphism : Let (G,, *) and (G,, *) be two groups then a mapping

f: G, - G, is an isomorphism if

L.  fis homomorphism. |
ii. fisonetooneie, flx)=fly)=x=y vx,ye G,.

. [is onto.

Que 2.30. | Give the definitions of ringy, integral domains and fields.

Answer
Ring: Aringis an algebraic system (R, +, *) where Risa non-empty set and

+ nn(? . _ure.twu bina;'y operations (which can be different from addition and
multiplication) and if the following conditions are satisfied :

L. (R, +)is an abelian group.
2. (R, *)is semigroupie.,(a*b)ec=qe (bec)va, b ceR
3. The operation » is distributive over +.

ie., foranya,b,ceR
a-{b+c}=ta'bJ+la'c)nr(b+cl-a=(b- )+ (c*a
Integral domain : A ring is called an integral domain if - 5

i Itis commutative
i. It has unit element
iti. Itis without zero divisors
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Field : Aring R with at least two clements is called a —
pmp{-rtics :
i Riscommutative

i R hasunity

as following

i R issuchthat each non-zero element possesses multiplicative inverse,

Forexample, the rings of real numbers and complex numbers are also fields.

Que 2.31. I Consider a ring (R, + ¢) defined by a * a = a, determine
whether the ring is commutative or not.

AKTU 2014-15, Marks 05

Answer
Let a,beR(a+bV=a+bd)
= fla+blla+b)=(a+b)

a+bla+(a+bb=(a+b)

(a* + ba) + (ab + b*) = (a + b)

(a+ba)+(ab+b)=(a+b) (" ae*=aand ' = h)

la+b)+(ba+ab)=(a+b)+0
= ba+ab=0

a+b=0=a+b=a+a [being every element of its own additive inverss|
= bh=aqn

Hb:bu

PR

R is commutative ring.

Q"MZI Write out the operation table for |Z
ring? Is an integral domain ? Is a field ? Explain.

n'l'ﬂpl'l‘atinn tables nre s follows :
we have Zz = (0, 1)

o *o "ol Is Z, n

*3 0 1 *q 0 1
0 0 1 0 0 0
5i 1] o 1 o | 1
ez e *2) satisfies the following properties :
L Closu

e axiom : All the entries in both the tables belong to Z,. Hence,
Closury g satisfied

Mutative: In both the tables all the entriea about the main diagonal
m are same therefore commutativity is satisfied

ative law ; The associative law for addition and multiplication
e alo satinfied.
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Here 0 is the additive identity and 1is the multiplicative identity. Identity

property is satisfied.

Inverse exists in both the tables. The additive inverse of 0, 1are ],

respectively and the multiplicative inverse of non-zero element of Z,

is 1.

vi. Multiplication is distributive over addition.

Hence (Z.,, +., *,) 15 a ring 85 well as field. Since, we know that every field is

J - - - 3
an integral domain therefore it 1s also an integral domain.

Que 2.33. | If the permutation of the elements of (1, 2, 3, 4, 5) are

given by a=(123) (45), b=(1)(2) (3 (45),c=(1524) G?). Find the value
of x, if ax = b. And also prove that the set Z, = (0,1, 2, 3) is a commutative
ring with respect to the binary modulo operation +, and .

AKTU 2015-16, Marks 10

Discrete Structures & Theory of Logic

iv.

V.

Answer I
ax=b = (123)(456)x=(1)(2)(3)(4,5)

=>[12345][12345]x=[12345]

2 3145023254 1 235 4
(12345] (12345]
293154 \1 2354
I_[12345]“[12345]
2315 4 \1 235 4
_[23154ﬂ[12345]
“\1 23 456/\1 23656 4
_(1234&[12345]
“l3125 40235 4
I___(12345‘\
312 4 5)
+‘0123 ilﬂlza
olo 12 3 0/0 0 0 O
11 230 1012 3
2(2 301 210 2 0 2
3/!3 01 2 3|03 21

We find from these tables :

i All the entries in both the tables belong to Z,. Hence, Z, is closed with
respect to both operations.
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Commutative law : The entries of 1*t, 274, 3™ 4 rows are identical
with the corresponding elements of the 1*t, 2™, 3™, 4" columns
r,‘,-,rmrttvnl}'. in both the tables. Hence, Z, is commutative with respect to
both operations,
Associative law : The associative law for addition and multiplication
RALEM I (@ +,b)+,cforalla,b,ceZ,

i

il

a :-rlih x,c)=la ‘tlbl %€ foralla, b, c ¢ z‘
can casily be verified.
Existence of identity : 0is the additive identity and 1 is multiplicative
identity for Z .
Existence of inverse : The additi~e inverses of 0, 1, 2 3are0,3,2,1
respectively.
Multiplicative inverse of non-zero element 1, 2. 3 are 1, 2, 3respectively.
Distributive law : Multiplication i« distributive over addition i.e.,
axtb+cl=axbraxe
(b +,0) xa= b X, b0 X0
For, ax,(b+,c)=ua x (b +¢) for 'r+‘c=b+c(mod4}
lenst positive remainder when a x (b +c)is
divided by 4
- least preitive remainder whenab + ac is divided
by 4
= ab +ac
axb+@axc
For ax_‘bzaxb{mud 4)

Since (Z,, +,) is an abelian group, (Z,, x,) is a semigroup and the opcmtinr} is
distributive over addition. The (Z,, +,. %) is a ring. Now (Z,, x )18 commutative

with respect to x,. Therefore, it is a commutative ring.

Que 234, | What is meant by ring ? Give examples of both

commutative and non-commutative rings.

AKTU 2018-19, Marks 07

¥vi.

Ring: Rt;fe_r Q. 2.30, Page 2-19C, Unit-2.
Example of commutative ring : Refer Q. 2.31, Page 2

Exam ple of non-commutative ring : Consider the se
Wwith real element. For A, B,C € R

A*(B+C)=A*B)+A*0

-20C, Unit-2.
t R of 2 x 2 matrix

a.lm'.. A+B)*C=A"C)+B"C)
i distributive over +.
(R, +,*) is a ring. _——
*) ix non-commutative ring.

We know that AB » BA, Hence (B: +.
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 VERY IMPORTANT QUESTIONS |

Following questions are very impm'l'dﬂf These questions

s

- may be asked in your SESSIONALS as well as
UNIVERSITY EXAMINATION.

—

Q.1.
AR
Q.2
RHZ

Q. 3.

——

L;:l H be a subgroup of a finite group G. Prove that ordey of
H is a divisor of order of G.
Refer Q. 2.5.

Prove that (Z,, (+,)) is an abelian group of order 6, where
z. = [0. 1| 2‘\ 3; 4, 5]’-
Refer Q. 2.7.

Let G =(1,-1,i,-i) with the binary operation multiplication

be an algebraic structure, where i = J-1. Determine
whether G is an abelian or not.

AEE Refer Q. 2.8.

. Write the properties of group. Show that the set (1, 2, 3,4, 5)

is not group under addition and multiplication modulo 6.

A=x Refer Q. 2.9.

. Let G be a group and let a, b € G be any elements.

Then
(@')y'=a
(@®*b)'=b"'* g,

AEX Refer Q. 2.11.

. Prove that the in

tersection of two subgroups of a group i¢

KEw Refer Q. 2.12.

. Let G be the set of all non

@ * b = ab/2. Show that (G *) -zero real number and let

ASE Refer Q. 213, be an abelinn group.

Prove that in
Refer Q. 2.14.

Prove that
ReferQ. 2,15, o P Of Prime order s cyclic,

verse of each element in 5 group is unique-
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Q. 10.
AR

Q.11

Q.15.

Q.16.

Algebraic Structures

Show that eve
Refer Q. 2.17.

Show that G = [(1, 2. 4
generators are the
Refer . 2.19.

State and prov
converse true 7
Refer Q. 2.21.

Prove that eve
Obtain all dis

Find the left cosets of ([0],
Refer Q. 2.23.

Write and prove the La
G= I....,-3.2,—1.0. 1,2,8,.
operation. If His a subgrou
that x € G. What is H and it
Refer Q. 2,24,

Consider a ring (R, +, +) defined byaeacea,
mmutative or not.

whether the ring is co
Refer Q. 2,31,

If the permutation

Ty group of order 3 is cyclic.

+ 5, 7, 8), X,] is cyclic. How many
re ? What are they ?

¢ Lagrange’s theorem for group. Is the

ry eyclic group is an nbelian group.
tinct left cosets of [(0), (3)] in the group
(Zg, +¢) and find their unjon,

[3]) in the group (Z g, +5).

Rrange's theorem. If a group
+ee] having the addition as binary

pPofgroup G where x* ¢ i such
s left coset w.r.t 1 7

determine

of the clements

of (1,2, 3, 4, 5) are given
bya=(123)(4 5),b=(1)(2)(3) (4 5),

value ofx, ifax=b. And also prove t
is a commutative ring with respe

operation +, and *
Refer Q. 2.33.

"

What is meant by rin,

Refer Q. 2.34.

©Oee

g7 Giveexam
and non-commutative rings,

c=(15624)(3). Find the
hat the set Z,=00,1,2, 3)

¢t to the binary module

ples of both commu tative

NAmnlnadad frmm T var_ o
D Scanned by CamScanner
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3-2 C (CS/IT-Sem-3) Lattices and Boolean Algebra
PART-1 _
Lattices : Definition, Properties oanfrim-Bounded.
ld Complemented, Modular and Complete Lattice.
Ica |
Questions-Answers
“ . :
Long Answer Type and Medium Answer Type Questions
Que 8.1. | Define Inttice. Give its properties.
Answer' |
A lattice is a poset (L, <) in which every subset (a, b] consisting of 2 elements
has least upper bound (lub) and greatest lower bound (gih). Least upper
s n e L7t im lemawn s join of a and b. Greatest
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9-2 C (CS/TT-Sem-3) Lattices and Boolean Algebra

PART-1

Lattices : Definition, Properties of Lattices-Bounded,
Complemented, Modular and Complete Lattice.

Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 3.1. I Define lattice. Give its properties.

Answer

A lattice is a poset (L, €) in which every subset (a, b} consisting of 2 elements
has least upper bound ({ub) and greatest lower bound (glb). Least upper
bound of (a, b} is denoted by a v b and is known as join of @ and 4. Greatest
lower bound of (a, b) is denoted by a » b and is known as meet of « and b.
Lattice is generally denoted by (L, A, v).

Properties:

Let L be a lattice and a, b € L then

1. Idempotent property:

i ava=a i.arna=a
2, Commutative property :
ii avb=bva i.aanb=bnra
3. Associative property :
i avpvel=(avb)ve i.anltbac)=lanblnac
4. Absorption property:
i avigab)=a iLaa(avb)=a
6. L. avb=biffa<d Haanb=aiffa<b

L. anb=aiffavb=0b
6. Distributive Inequality :

i aatbvelzl@aab)viaace) iavibac)slavblalaver
7. Isotonicity :

lLeta,b,c, € Land a < b, then

i ave<bve fi.asnestbnac
8 Stability :

Leta,b,c, e L, then

i axba<c=ma=<bvec)abac)

i axbasc=aribaclarxlbnac)

m Explain types of Ianttice.

Downloaded from TwoWaits

e DVl diaimm O Mhaawer af T ame 3—3 C [CMT_E-L =
Scanned by CamScanner



8 Stability:
Leta,b,c, € L, then

i agbha<e=maxve,azbac)
i axbasc=axdncharlbnac 2/[22
m Explain types of Inttice.

Downloaded from T'"
Discrete Structures & Theory of Logic 3-3C (CS’IT'Setn-::;
— 3
‘Answer I
Types of lattice :

1. Bounded lattice : A lattice L is said to be bounded if it has a greates
element 1 and a least element 0. In such lattice we have
avli=lanl=a
avO0=a,an0=0
vaeLand0<a<l
2. Complemented Iattice : Let L be a bounded lattice with greatest

element 1 and least element 0. Let a € L then an element ¢’ < L j5
complement of a if,

ava'=landaana =0

Alattice Lis called complemented ifis bounded and if every element in
L has a complement.
3. Distributive lattice : A lattice L is said to be distributive if for any

element a, b and ¢ of L following properties are satisfied :
i avbrcl=(avb)alave)

ih. asrlbve)l=larbd)viaac)
otherwise L is non-distributive lattice.

Complete lattice : A lattice L is called complete if each of its non-

empty subsets has a least upper bound and greatest lower bound.
For example :

i L (Z, <) is not a complete lattice,

. Let S be the class of all subsets of some universal set A and a 1
relntion < is defined a8 X < ¥ = X is a subset of Y such that
XnY=XnYand XUY. Every subset of S has glb and lub. So, §

is complete.

5. Modular lattice : A lattice (L, =)

is called modular Iattice i
avibnrc)=ta v b) A e whenever e

a<cforalla,b,celL.
!_2_1_:& 43, | If the lattice is represented by the Hasse dingram given
low :

i. Find all the complements of ‘',
ii. Prove that the given lattice is bounded complemented Iattice.
b
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Answer
i. Complements of ¢ are ¢ and d which are as follows :
ceve=b | cae=f

d‘.’f’:b & d.'l‘:f
ii. A lattice is bounded if it has greatest and least elements. Here b is
greatest and fis least element.

Que 34, | Define a lattice. For any a, b, c,d in a lattice (A, 2) ifa<b

and ¢ sd then show thatave<bvdandansncshad.
AKTU 2018-19, Marks 07

Answer l

Lattice : Refer Q. 3.1, Page 3-2C, Unit-3.
Numericnal :

Asasbande sd,a<bsbvdandcsd <bvd.

By transtivityof s,a<bvdandc sb v d.

So b d is an upper bound of a and c.

Soavesbhvd.
Asarcsaandaacsc,ancza<bandarc<csd.
Hencea Acisalowerbound of b and d. Soa A <b 1 d.

Soarcsbad.
Que 8.5. | Let L be a bounded distributed lattice, prove if a

complement exists, it is unique. Is D,, a complemented lattice ?

Draw the Hasse dingram of [P (a, b, ¢), <], (Note : ‘<’ stands for subset).
Find greatest element, least element, minimal element and maximal

AKTU 2015-16, Marks 15

clement.

OR

Draw the Hasse diagram of [P (a, b,¢), <] (Note : ‘<’ stands for subset).
Find greatest element, least element, minimal element and maximal

element. AKTU 2015-18, Marks 10

Let a, and a, be two complements of an element 6 = L.
Then by definition of complement

e e I A3.5.1)
ara =0
ava, =1 (352
aa G: - 0

Downloaded from TwoWaits
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ava,=1l

&
ant = OJ ...(3.5..1.)

Downloaded from Tw

Discrete Structures & Theory of Logic 3-5 C (CsaT -Sem.3,
e
Consider a,=a,v0 l
=a,viana,) [from (3.5,2;]
= (@, va) ala, vay,) [Distributive Property]
=(ava)la;va, [Commutative Property]
=Inla,va,) [from (3.5.1)
=a,Va, -(8.5.3)
Now Consider a,=a,v0
=a,v(ara) [from (3.5.2)]
= (a,va)rla,va,) [Distributive property]
=(avay ala,va,)  [Commutative property|
=Inla,va,) [from (3.5.1))
- a,va, (354)
Hence, from (3.5.3) and (3.5.4),
a,=a,

So, for bounded distributive lattice complement is unique. ,
Hasse diagram of [P(«, b, ¢), c] or [P(a, b, ¢), <] is shown in Fig. 3.5.1.

(a, b, c)
la, bl {a, c) (b, ¢
[al><lb} [c)
\ /
9

Fig.35.1.

Greatest element is [a, b, ¢} and maximal clement is {a, b, c)..
The least element is ¢ and minimal element s b.

Que 38, | The directed graph G for a relation R on set A = (1,2, 3
4) is shown below :

@

@’A.o,
Fig 361 |

|
Downloaded from T\n
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i.
ii.
iii.

Verify that (A, R) is a poset and find its Hasse diagram.
Is this a lattice ?

How many more edges are needed in the Fig. 3.6.1 to extend
(A, R) to a total order ?

iv. What are the maximal and minimal elements ?

AKTU 2014-15, Marks 10
Answer ]
L

The relation R corresponding to the given directed graphis,
R=1((1,1),(2, 2),(3, 3), (4, 4), (3. 1), (3, 4), (1, 4), (3, 2)]

R is a partial order relation ifit is reflexive, antisymmetric and transitive.
Reflexive : Since aRa,VacA . Hence, it is reflexive.

Antisymmetric : Since aRb and bRa then wegeta=b otherwise aRb
or bRa.

Hence, it is antisymmetric.
Transitive: For every aRb and bRc we get aRc. Hence, it is transitive.

Therefore, we can say that (A4, R) is poset. Its Hasse diagram is
1

3V migisen. ‘
ii Since there is no Jub of 1 and 2 and same for 2 and 4. The given poset is
not a lattice.

v|l 2 3 4

1 - 11

2|- 2 2 -

3|1 231

411 - 1 4
ii. Only one edge (4, 2)i8 included to make it total order.
iv. Maximals are (1, 2) and minimals are {3, 4).
Quesd. |Inalatticeifasbso then show that
a. avb=bac :
b. (avb)v(bAC):(avb)n(ﬂVC)=b A_KT[_J.‘ZOIG-I?,H_nrkaIO
a. Given:asb<e

Downloaded from TwoWa
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Now a v b = least upper bound of a, b
= least {all upper bounds of a, b)
= least (b, c, ...] lusinga <p <
=b ,“(3.7_1)
and b A ¢ = greatest lower bound of b, ¢
= maximum (all lower bounds of b, ¢)
= maximum (b, a, ...) [usinga <b <
=b «(3.7.9)

Eq.(3.7.1) and (3.7.2) gives,avb =b ac
b. (avblvibace)=lavbalave)=b
Consider, (a vb) v (b Ac)
= bv b [usinga <b < ¢ and definition of v and 4|
=b .(3.7.3)

and (avb)alave)=bac

=b .(3.7.4)
Fromeq. (8.7.3)and (3.7.4), (avb)vbac)=(avb) alave)=b.

a. Prove that every finite subset of a lattice has an LUB and a

GLB.
b. Give an example of a lattice which is a modular but not a
distributive., AKTU 2016-17, Marks 10

L Thetheorem is true if the subset has 1 element, the element being
its own g/b and lub.

It is also true if the subset has 2 elements.

Suppose the theorem holds for all subset, B
o containin ey &
elements, so that a subset_av €ls containing 1, 2,

i I 5 ” kaz.....a,_ of L has aglb and a lub.
. contains more than & element i et
B e of L, 8, consider the subs
5. letw=lub {ai,az....,ak).
6. Letf:lub(w,ahl}.
) _

If s is any upper bound ofaa,,..., a; ., »the

8 a, and therefore 5 > 4. n#is2eachofa,, ay -
- Also,s>q ., and .
9 Henco s 2;. 1 therefore s is an upper bound of 1y and a, .,
:(11 WL 18, since t > each a,, ¢ i the lub ofa,, a,, ..., .
- The theorem follows for the Jub by finite induction 1
Downloaded from Ty
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12, If L is finite and contains m

elements, the induction
whenk+ 1 =m, N process stops

1. Thediamond is modular, but not distributive.

Obviously the pentagon cannot be embedded in it.

3. Thediamond is not distributive :
yvixazl=ylyveia(yva)=1

The distributive lattices are closed under sublattices and every

sublattice of a distributive lattice is itself a distributive lattice,

5. Ifthe diamond can be embedded in a lattice, then that lattice has a
non-distributive sublattice, hence it is not distributive.

Que 3.8. | Show that the inclusion relation ¢ is a partial ordering

on the power set of a set S. Draw the Hasse diagram for inclusion on
the set P(S), where S = (a, b, ¢, d). Also determine whether (P(S), ) is

a lattice. AETU 2018-19, Marks 07

Simﬁ: if\at—the inclusion relation (<) is a partial ordering on the power set of
aset S,

Reflexivity : A c A whenever A is a subset of S.

Antisymmetry : If A and B are positive integers with A c Band B¢ A, then
A=B,

Transitivity : f A c Band B C, then A c C.

Hasse diagram :

la, b, c, d]

Downloaded from TwoWai
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S'etn.g)
(P(S). <) is not a lattice because ({a, b],(b, d)) has no lub and glb.

Que 3.10. l Explain modular lattice, distributive lattice and boungeg

lattice with example and diagram. AKTU 2017-18, Marks lDl
Hmver |
Modular distributive and bounded lattice : Refer Q. 3.2, Page 3-9¢
Unit-3.
Example:
Let consider a Hasse diagram :
1
a c
0
Fig. 3.10.1.

Modular lattice :

O<aie., takingb=0
bviaac)=0v0=0,anbve)=aanc=0
Distributive lattice :

For aset S, the lattice P(S) is distributive, since union and intersection each
satisfy the distributive property.

Bounded lattice : Since, the given lattice has 1 as greatest and 0 as least
element so it is bounded lattice.

Q'ueﬂﬂ'.ll_.. Draw the Hasse diagram of (A, <), where

A =13, 4,12, 24, 48, 72} and relation < be such that a < b if a divides b.

AKTU 2017-18, Marks 07

Hasse diagram of (4, <) where A = (3, 4, 12. 2448 72)

1
a c
) 0
| Fig.sa1a.
W '3:1:.» $20 .
Que % | For any positive integer D36, then find whether (D36, °|”
is Iattice or not ?

AKTU 2017-38, Marks 07
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Dsﬁ', \Divigar of36=11,2,3,4,86,9, 12, 18, 36}

(1v3)= I3.6!.t1v2]-!2.4|.(2v 6) = (6, 18],(9v 4) = (4]
w
-
T 12
/t/l
f/l/'
a 3
\,/
Since, dvdeid

L Al
3
-\‘:.

.
s
.P'.‘"‘ -
L. R e

o0 5.13] What is Boolean algebra ? Write the axioms of Boolean
slgebra. Also, deseribe the theorems of it.

- .0, 1) where (B, +4,.)is B

A Boolcnn ﬁlgebra is generally denoted by (B. +. .. )
lattice with binary operations '+ and *.’ called the join and me:;; nr;mi'
and (") is unury operation in B. The elemcn.ts 0 and 1 are n;em “iuebra if the
(greatest) elements of lattice (B, +, ). B is called @ Boolean

following axioms are satisfied for alla, b, ¢ in B.

Axioms of Boolean algebra :
“n'b°°°B.lhcn
L Commutative Inws : ,
L csb=bh+a b ab=00
z - Cll“: (b+c]ﬂ{ﬂ.b.”=f“-r’
% gebo)=fasbllared B FTTT
I&nm.'flnn: g Ten
& g40=qa
Downloaded from TwoWa
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= Distributive laws :
& a+tbe)=(a+blic+c!

Tdentity lnwg
a

&

a.(b+c)=lab)=lac)

Downloaded from
Discrete Structures & Theory of Logic $-11C (Cm__sjzil
4. Complement laws
a a+a' =1 b as'=0
Basic theorems :
leta,b,c « B, then
1. Idempotent lnws:
A a+gca b. aa=a
2 Boundedness (Dominance) laws : |
a a+l=1 b. a0=0 |
3. Absorption laws: i
a as+lab)=a b. aela+b)=a :
4 Associative laws :
a (a+bl+c=a+bsc) b. (able=albe)
5. Unigqueness of complement :
a+x=landax=0thenx=a
6. Involution law :(a') =a
7. a O0=1 b I'=0
8. De-Morgan's laws :
a. f(a+bdY=ab b. (abr=a'+¥

4. | Prove the following theorems :
Abnorpuonlaw Provethat Va, b, ¢ B
i ada+b)=a iLa+ab=a

a.

b.
c.
d

De Morgun's law : Prove that ¥ a, b,eB
i. (asbV=ald

Provethat 0 =1 and 1’ = 0,

a. Absorption law :
L Toprove:ala+b)=n
Lot ala+bl=(a+0)(g« b)

=a+0b
=a+h
=a+0
=q
ﬁ. Tom ta+ab= =a
Lat a+ab=qal+ah
=a.ll +4)
=a(b«1)
=qa.l
=n

Idempotent law : Prove that ¥ ac B,a +a = a and a.a = a.

il. (a.b) =a’ + ¥

by Identity 1a®

by Distributive 1%
by Commutative ls¥
by Dominance !a¥
by Identity 15%

by Identity 14¥
by Distributive 4%
by Commutative *
by Dominance 4%
by Identity 1

Downloaded fror
Scanned by CamScanner



CS/AT .
3-12C ( -Sem-3) Lattices and Boolean Algebra

S

p. Idempotent law:
Toprove:a+a=aanda.a=aqa

Let a=a+0 by Identity law
=a+a.d by Complement law
=(a+a)la+a’) by Distributive law
=(a+a)l by Complement law
=a+a by Identity law

Now let a=a.l by Identity law
= a.la+a’) by Complement law
= a.a +a.q' by Distributive law
=a.a+0 by Complement law
= aa by Identity law

¢. De Morgan’s law :

Toprove:(a+b) =a'.b'

To prove the theorem we will show that

(a+b)+a'b'=1

Consider (a +b)+a'.b' = [(a + b) +a’).l(a + b) + ') by Distributive law

= (b +a)+a’).lla+b)+b)
by Commutative law

=b+(@a+a)dlla+b+d))

-t
-

by Associative law

= +1).(a+1) by Complement law
= 1.1 by Dominance law
=1 ..(3.14.1)
Also consider (a +b).a'b'=a'b'{a+b) by Commutative law
=a'ba+a'd.b by Distributive law
= a.la'b’) +a'(b'b) by Commutative law
= (a.a").b' +a'.(h.b') by Associative law
=0.0'+a'0 by Complement law
=b'.0+a'0 by Commutative law
=0+0 by Dominance law
=0 (3.14.2)

From eq. (3.14.1) and (3.14.2), we get,

_ a'b'is complement of (a + b)i.ela +b) =a'd".

ii. Toprove:(a.b)=a'+b’ 3
Follows from principle of duality, that is, interchange operations + and ¢
and interchange the elements 0 and 1.

d To L ‘=

prove i (f =l a0 10. =O'(a o'y by Complement law
=a'+(aY by De Morgan's law
—a'+a by Involution law
e aeo by Commutative law
_1 by Complement law

Now oy=1

= 0=1Y

= 1'=0.

Downloaded from TwoWai
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Boolean algebra : Refer Q. 3.10, Page 3-10C, Unit-3.
Meet and join operations are distributive :

1. LetL be a poset under an ordering <. Leta, b < L.
2. Wedefine:

a v b (read “a join b") as the least upper bound of @ and b, and
a » b(read “a meet b”) as greatest lower bound of a and b.

3. Since the join and meet operation produce a unique result in all cases
where they exist, we can consider them as binary operations on a set if
they always exist.

4. Alatticeis a poset L (under <) in which every pair of elements has a lub
and a glb.

5.

Since a lattice L is an algebraic system with binary operations A and v, it
is denoted by [L, v, Al.
6. Letusconsider,

a. [P(A),v, Al is alattice for any set A and

b. The join operation is the set operation of union and the meet
operation is the operation of intersection; that is, v = and A =n.

7. Itcanbe shown that the commutative laws, associative laws, idempotent
laws, and absorption laws are all true for any lattice.

8. An example of this is clearly [P(A); U, ], since these laws hold in the
algebra of sets.

9.

This lattice is also distributive such that join is distributive over meet
and meet is distributive over join.

mmmwmmﬂmumpmdmenmi"
complete sum-of-products form.

comosglily
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g-14C Lattices and Boolean Algebra

E=x(xy +X'y+¥'2)
p E=z( +5) +y.

o E=xxy +xxly+xyz=xy+xyz= xy

(*+ xx'y=0andxy' iscontained inx.y' )

Complete SOP form = x.y'(z +2') (< zis missing)
=xy'z+xy.Z
b. E=z(x+y)+y =x'z+yz+)y
Then E=x'zly +y)4yzlx+x)+y.(x+ x')(z+2")

(hy Complement. law)
=x'yzhx'yzHryz+xyz +xyz+xzy
+xl'y"z +xl‘3'l-zl

Foat !

=x'yz+x'yzrry2 pxy zexy 2 EXY 2

Que 8.17. | Define a Boolean function of degree n. Simplify the

following Boolean expression using Karnaugh maps
ayz + xy'z + XYz + x'yz + x'y'z’

Boolean function of degree n : |

1 Let B=10,1). Then B"={(x}, ¥, ey X)) |z Bfor 15 i < n) is the set of all
possible n-tuples of 0s and 1s.

9 The variable x is called a Boolean varinble if it assumes values only
from B, that is, if its only possible values are 0 and 1.

" 3. A function from B" to Bis called a Boolean function of degree 1.

4. Forexample, the function Flx, y) =x¥ from the set of ordered pairs of

Boolean variables to the set (0, 1}, is a Boolean function of degree =
with F(1, 1) =1, F(1,00=0, F(0, 1)= 0 and F(0,0) = 0.

‘Numerical : The Karnaugh map for the given function is
xyz+xy'z + XYz Xy x'y'z

YE gy yz ¥E =
X R
x' 1 1
I
x 1
_,.—-—-'""-'- . »
—  piu 1%k

coninrz XY
Then the simplified expression in 'y

. Boolean functions using three
m Simplify the following
varinble maps :

Downloaded from Two'
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a. Fix,y,2)=%0,15"7

b. Flxy12=21,238,8617
Answer |

a fix,y.2)=%(0,1,5,7

-
.

S 0 1
Y
‘oo [0 1 11!
of 2|3
11 6 r
1 4 |[[5
Fig. 8.16.1.
bh. flx,y,2)=2(1,23,6,7)
N 00 01 11 10

0] 0
11 4

1
b
<l
+
-
N

f=Xz+y

Que 3.19. ‘ Simplify the following Boolean function using K-map :
F(x,y,2)=X(0,2,3,7)

AKTU 2017-18, Marks 07
Answer |
> 00 01 11 10
' =lIDIE:
! 1
F=XzZ+yz

Que 3.20. | Simplify the following Boolean expressions using
K-map:

a Y=(AB) +A'+ABY

b AABCD+ABCD+A'BCD+A'B'CD'=A'B

AKTU 201516, Marks 17)

8. Y=(AB) +A +ABY
= ((AB)') (A’ + (AB)Y
= (AB) ((A') (AB))
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——

=AB(A(A’'+B"))

= AB (AA’ + AB’)

= AB(0 + AB') = ABAB’
= ABB'

=0

Here, we find that the expression is not in minterm. For getting minterm,
we simplify and find that its value is already zero. Hence, no need to use
K-map for further simplification.
b. AABCD+A'BCD+A'B CD+A B CD =A'B
=A'BCD +A'BCD+ABCD+ A'B'CD
cDN\AB

ABCD —H1)
A'B'C'D 1
1

1)

A'B'CD
A'B'CD’

On simplification by K-map, we get A'B’ corresponding to all the four
one’s.

Find the Boolean algebra expression for the following
AKTU 2016-17, Marks 7.5

system.

ABC + A(B'+ C")
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Que 3.22. | Find the Sum-Of-Products and Product-Of.gyy,
expansion of the Boolean function F(x, y,2) =+ y)z'.

AKTU 2018-189, erk@
Answer ]
Rx, y,z)=(x+y)
x y = z+y | & (x+y)2'
1 1 | 1 0 0
1 1 0 j | 1 1
1 0 1 1 0 0
1 0 0 1 1
0 1 1 1 0 0
0 1 0 1 1 1
0 0 1 0 0 0
Sum-Of-Product :
HI,_\!" Z} = Iy“!‘ +_tJu'z' o x!}.zr
Product-Of-Sum :
Fx,y,2)=x+y+zix+y'+2)x'+y +2)x'+y" +2)

(x'+y' +2)

S PART-4 [ R R
Logic Gates, Digital Circuits and Boolean Algebra.

Qﬂam Consider the Boolean function,

R flr,xyx,x)=x + by &+ x) 42, (v, +x.))

i. Simplify f nlgebrnically

ii. Draw the logic circui
. uit of the fand the reducti B
b. Write the expressions E ion of the f.

Eymx+(xtyeyhy),intg. ' O P F TP+ (xly) and
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3-18C (CS/IT-Sem-3)
——
i. Prefix notation

Lattices and Boolean Algebra

it. Postfix notation AKTU 2014-15, Marks 10

Au_'m_'l

po i flry, X X X =2 + 0y )" 4 x,) + xq.(x,'+ x,')

— ! 1 ’
= Xy XX+ XX+ Xy X,y + XX,
= .'CI + IQ +x=..1" +.'l:3
— - ' '
=X +x,(1 4+ 2) + xp0,)" +x4x,

L} ’
.I2 +I.'l"t‘

= Il +I2 +.‘f3_’t‘2 + XXy
=Il +I‘J+Iﬂ+'ril't-l

—_— '
=X, + X, +x5.(14x,)

=X+ X+ Xy
ii. Logic circuit :
X, x|+ Xg 4 Xg
Xg
X3
Fig. 5231,

Reduction of f:
fleg xg 25,2 ) =3 + (x,.(x," +x,) +x5.0x) +x,')
= x, + (xpx) +252) + (x3.x) +X4x,)
= Xy Xy Xy XX XX XXy
b. E =(x+x*y)+(xly)
Binary tree is :

Prefix:++x*xy/xy l
Postfix:xxy * +xy/+
Es=x+(x*y+y)y)

Downloaded from TwoWai
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Discrete Structures & Theory of Logic

Binary tree is:

Prefix:+x/+"xyyy
Postfix:xxy*y+y/+

wm Construct circuits that produce the following output :
F(X,Y,Z) = (X +Y + 2) (XYZ)

The logic network is shown below :

¥ X+Y+72
Z

\M+Y+mi?i

Downloade C
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Answer. |

i, Thelogic network is shown in Fig. 3.25.1.

ﬂ
y——_

X

Xy + xV
X
y ——{>ﬁ 7 Xy
Fi[ 3.35.1.
ii. The logic network shown in Fig. 3. 25.2.
x_—T—-Do.i_
v [ ) xyz
Y % >o—
|-/
7 j X7, _NY 'Z+ X'YZ + XY’
V/ -—T—[ P
)
3&
Fig. 8262,
\mﬁr momhm" QUE“Q;‘IQ}__{(B,,. AR
Fnllowlng (isestions qmvmbupom These Mm
% my bethwwSESSIONALS’ aswellas
i  UNIVERSITY EXAMINATION.

Q.1. If the lattice is represented by the Hasse diagram given
below :

i. Find all the complements of ‘¢’.
ii. Prove that the given lattice is bounded complemented

Iattice.
n C
f d I
__ 8
Fig. 1.
Meactscmtlo — 1 s+ =
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e —

anw Refer Q. 3.3.

Q.2. Define alattice. For any a, b,¢,d in a lattice (A4,2) ifa<b ang
¢ <d then showthatave<bvdandaancsbad.
Ans Refer Q. 3.4.

Q.3. LetL benbounded distributed lattice, prove if a complement
exists, it is unique. Is D,, a complemented lattice ? Draw
the Hasse diagram of [P (a, b, ¢), <], (Note : ‘<’ stands for
subset). Find greatest element, least element, minimal
element and maximal element.

AnE Refer Q. 3.5.

Q.4. Thedirected graph G for arelation R on set A = (1,2, 3,4) is
shown below :

G @

e

3) 7S
Fig. 2.

i. Verify that (A, R) is a poset and find its Hasse diagram.
ii. Is this a lattice ?

iii. How many more edges are needed in the Fig. 2 to extend
(A, R) to a total order ?

What are the maximal and minimal elements ?

Refer Q. 3.6.

i:

@
o

EP‘P.

In a lattice if @ < b < ¢, then show that
avb=bace
(avb)vbre)=(avb)alave)=b
Refer Q. 3.7.

o
o

B e oS

grchre that every finite subset of a lattice has an LUB and a

Give an example of a lattice which is a modular but not 2
distributive.

Refer Q. 3.8,

@
3

- Show that the inclusion relation < is a partial ordering on
the power set of a set S. Draw the Hasgse diagram for
inclusion on the set P(S), where S={a, b, ¢, d). Also determine I

whether (P(S), ¢) is a lattice.
Refer Q. 3.9,
oaded f WG
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Q.8

AT
Q.9
po
Q.10.
Py
Q.11.

o o
5&9‘9 ;?E

A
Q.14.

A
Q.15.

. flx, xy,xyx,) =%, + (T () +X)+ Xy

b.

Auy,

ZU‘L}LJIA- D -y

Exp.lain r.nodular lattice, distributive lattice and bounded
jattice with example and diagram.

Refer Q. 3.10.

Draw the Hﬂ?ﬁe diagram of (4, <), where A = (8, 4,12, 24, 48,
79) and relation s be such that a < b if a divides b.

Refer Q. 3.11.

For any positive integer D36, then find whether (D36, |Mis
lattice or not 7
Refer Q. 3.12.

Simplify the following Boolean function using K-map :
Flx,y,2z) = £(0,2,3,7

Refer Q. 3.19.

Simplify the following Boolean expressions using

K-map:
Y= ((AB)' + A" + AB)'
A'B'C'D +A'B'C'D +A'B'CD+A'B'CD' =A'B'
Refer Q. 3.20.
Find the Boolean algebra expression for the foll
system.
B )
C

owing

Fig. 8.
Refer Q. 3.21.

Find the Sum-Of-Products and Product-Of-sum expansion
of the Boolean function Flx,y,2z) = (x+ y) z'

Refer Q. 3.22.

Consider the Boolean function.
(x, +x.)

i.  Simplify falgebraically .
ii. Draw the logic circuit of the fand the reduction of the

ft
Write the expressions E =(=+% * y) + (x/y) and

E =x+((x*y+y/y),inte
i.’ Prefix n:;ta{ion ji. Postfix notation

Refer Q. 3.23.
EeO
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w -Sem-3) I'mposiginnxnl Logic & Predicate Logic
PART-1 e
Propositional Lagic : Proposition, Well Formed Fbr'rm;ld,
Truth Tables, L -
e
F"f Questions-Answers

Long Answer Type and Medium Answer Type Questions

————

Que 4.1. l Define the term proposition. Also, explain compound
proposition with example.

Answer

Proposition : Proposition is a statement which is either true or false but not
both. It is a declarative statement. It is usually denoted by lower case letters
p. g, r, s, t etc. They are called Boolean variable or logic variable.
For example :

1. Dr.A.P.J. Abdul Kalam was Prime Minister of India.

2 Roses nre red.

3. Delhiis in Indin
1) proposition is false whereas (2) und (of ure trut.

Compound proposition : A compound proposition is formed h,\: composition
of two or more propositions called companents or sub-propostions.

For example :
L Risabhis intelligent and he studies hard.

2 8ky is blue and clouds are white. .
*Risabh1# intelligent” nnd he
itions "sky is blue”
wo propositions

Here firat statoment contain two prupo.-;il.innﬁ ‘ b
“dics hard” whereas second statement contain pi;llu.'-. et
rl‘ﬂl'i "‘:]““dr‘ are white™. As bﬂth statemen Ly are forme USIHHE b

"they are compound propositions.

ez ] ail with truth tables.

Discuss connectives in det

[r—
1

© The words or phrases used 0 fo
Cunm_-ctimﬂ.

There

rm compound proposition are called

2
ves ns shown in the Table 4.2.1.

are five basic connech
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—

Table. 4.2.1.

T T —
‘8. No. | Connective words| Name of connective Symbol
L Not Negation ~ OF - or —
Conjunction A
2. And \
3. Or Disjunction v
4. If-then Implication = |
5. If and only if Biconditional - _1

L. Negation : If P is a proposition then negation of P is a proposition
which is true when p is false and false when pistrue. It is denoted
by ~por—orporp.

Truth table :

p [ =p
T F
F ’y

ii. Conjunction:If p and g are two propositions then conjunction of
p and q is a proposition which is true when both p and g are true

otherwise false. It is denoted bypaq.
Truth table :

P q PAg
T T V I
T F F
F T F
F | F I

iii. Dlgjup(ftion - I.ti p and q-be Fwo Propositions, then disjunction of p
and g 15 a proposition which i trye when either one of p or g or both
are true and is false whep be e '

e 'thp and g are falge and it is denoted by
Truth table :
P q Pvg |
__--Hﬁ—_-—_.‘_
Ry e
1 o R R
T ___‘—7-““
ot *-——-—-_____P
I 5 r
N-—‘___________________________
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“

m What do you mean by well formed formuln 7

T

o Well fnrmed_ formula is defined as a mathematical expression
represented in well defined form and uses parenthesis, braces and
square brackets to avoid the ambiguity.

Propositional Logic & Predicate Logic

13

Logical stptement§ are nl:'m represented in well defined form using
parenthesis ncc?rdmg to prionity of operations. To generate well formed
formula recursively, following rules are used :

i. An atomic statement Pis a well formed formula.

i. If Piswell formed formula then - Pis also a well formed.

iii. If Pand @ are well formed formulae then (Pv @), (P~ Q), (P - Q)
and (P < Q) are also well formed formulae.

iv. A statement consists of variables, parenthesis and connectives is
recursively a well formed formula iff it can be obtained by applying
the above three rules.

For example :
1. (P>(Pv@)
2 ((PeQ)—R)

Que 4.4. l ‘rite short notes on :

i. Truth table ii. Logical equivalence

T

i Tn:ﬁth table : A truth table is a table that shows the truth value of a
compound proposition for all possible cases.

p |l qglprg r|a|pvy o2
T | T T T|T| T T \F
T|F| F (o 10 8 F1T
F|T| F F|T| T
F|lF| F FIF| F

il, Logical equivalence : If two propositions Pp,q; i Jand Q (p, q. ...)

where p, ¢, ..... are propositional variables, have the same t.ru.th values
inevery posgible case, the propositions are culled logieally equivalent or
fimply equivalent, and denoted by

R R Y QP eevenst)

ng“_‘._& Explain the following terms with suitable example

i
i Conjunction

i, D"Junction

Conditional
Downloaded fronﬂt’s
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Discrete Structures & Theory of Logic 4-5 C (CS/NIT-Sem.3

R

iv. Converse

v. Contrapositive AKTU 2014-15, Marks IE
OR

Define inverse.

Answer ‘

i. Conjunction:Ifp and q are two statements, then conjunction of p and
g is the compound statement denoted by p ~ ¢ and read as
“pand ¢”. Its truth table is,

P q .| PArY
T T i
T F F
F T F
F F F

Example:

p : Ram is healthy.

¢ : He has blue eyes.

p ~ q : Ram is healthy and he has blue eyes.

ii. Disjunction : If p and ¢ are two statements, the disjunction of

p and g is the compound statement denoted by p v ¢ and it is read as “p
or ¢". Its truth table is,

P

q)| Pva
T T T
T F T
F iy T
| F F F
Example:
p : Ram will go to Delhi.
q : Ram will go to Calcutta.

P v q : Ram will go to Delhi or Calcutta.

iii.

Conditional: If p and ¢ are propositions. The compound proposition if

p then g denoted by p => g or p - g and is called conditional propositio?
orimplication. Tt is read as “If p then ¢” and its truth table is.

Downloade
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wpsem-m Propositional Logic & Predicate Logic
p 9| P=gq
T T T
T F F
F T T
F F T
Example:

p : Ram works hard.
g : He will get good marks.
p - g : If Ram works hard then he will get good marks.
For converse and contrapositive :
Let p: It rains.
q : The crops will grow.

iv. Converse:If p = ¢ is an implication then its converse is given byg=p
states that S : If the crops grow, then there has been rain.

v. Contrapositive : If p = g is an implication then its contrapositive is
given by ~g = ~ p states that,

t - If the crops do not grow then there has been no rain.
Inverse :

If p= g is implication the inverse of p = gis -p = ~¢.
Consider the statement
p: Itrains.
g : The crops will grow
The implication p = ¢ states that,
r: Ifit rains then the crops will grow.
The inverse of the implication p = q, namely ~ p = - g states that.
u: 1fit does not rain then the crops will not grow.

PART-Z

Tﬂutology, Satwf ability, Contradiction, Algrbr a of
Theory of Inference.

Propositian,

Que ,hm.mwm
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Que 4.6. | Explain tautologies, contradictions, satisfiability ai

contingency.

Answer l -
1. Tautology : Tautology is defined as a compound proposition that i

always true for all possible truth values of its propositional variables apg
it contains T in last column of its truth table.

Propositions like,

i The doctor is either male or female.
ii. Either itis rainingor not.

are always true and are tautologies.

2 Contradiction : Contradiction is defined as a compound proposition

that is always false for all possible truth values of its propositional
variables and it contains F'in last column of its truth table.

Propositions like,

i. xiseven and x is odd number.

ii. ~Tom is good boy and Tom is bad boy.
are always false and are contradiction.

Contingency : A propoesition which is neither tautology nor
contradiction is called contingency.

Here the last column of truth table contains both 7" and F.
4. Satisfiability:
A compound statement formula A (P,, P,, ... P, ) is said to be satisfiable,
lglt}:as tl;,e truth value T for at least one combination of truth value of
1 Dreves n

Write short note on algebra of propositions.

Proposition satisfies various laws w
expressions. These laws are listed

1 Idempotent laws :

hich are useful in simplifying complex
as:

& pvp=p
Prp=ap
2, Associative lawg -
a {PVQ)Vr::pV(qu)
(Phqlf\raph(q,\r)

Commutative lawg :
8 pvguqup
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4 pistributive laws :
o pvlgan=(ve)a(pvr)
b, palgvr)=paq)vipar)
5. ldentity laws :

a pv F =
h. pv TaT
c. PA FaF
d. pA T= p

6. Complement laws :
a. pv~P=T
b. pAa-p= F
c¢. ~T=F
d ~F=T

7. Involutionlaw :
n. -~(-p)=p

8. De Morgan's laws :
a. —(pvq)sa-p;\-q
b. -(pa@)=~pv-q
9. Absorptionlaws:
a pvipagl=p
b palpvql=p
These laws can easily be verified using truth table.

8. | Discuss theory of inference in propositional logic.

gic which are used to reach the given
n which can be derived

en argument is

Rules ot: inﬂarence are the laws of o )
conclusion without using truth table. Any conclusio -
using these laws is called valid conclusion and hence the giv

valid ar |
it o pule if An implication

always conclude that

q is also true.
The argument is of the form :

p—9

!_f___.-

: qﬁon) : By this rule ifan implication
iodus tollens (Law of S is false then the premise p must be false.

g‘l‘? q is true and conclusion 4
¢ argument is of the for™ .
e Downloaded fmam
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p—rg
—
Lo=-p
Hypothetical syllogism : By this rule "'.'h.(!ne\'er thf: two implication,
p — qand g - r are true then the implication p - r is also true.
The argument is of the form :
pP=q
q-r

p-r

Disjunctive syllogism : By this rule if the premises p v ¢ and - g are
true then p is true.
The argument is of the form :

pPvy
4
A
Addition : By this rule if p is true then p v ¢ is true regardless the truth
value of q.
The argument is of the form :

P

L pvg
Simplification : By this rule if p A q is true then p is true.
The argument is of form :
PAg PAq
S.p-% o g
Conjunction : By this rule if p and q are true thenp ~ g is true.
The argument is of the form -

p

q

S PAQ
Constructive dilemma : By
true then g v s is true.

The argument is of form -

(P=@Inlr— 5)

pvr

S.QVvs

Destructive g : By thi i
v ilemma : By this rule P g)aroy and~g s

The argument is of the form -
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Propositional Logic & Predicate Logi

(p—-q)alr —3)
O-q "\s

-pnar

10. Absorption : By this rule if p -5 ¢ is true then p -5 (p A @) is true.
The argument is of the form :

Sp=ipaq)

Que 4.9. | What do you mean by valid argument ? Are the followin

arguments valid ? If valid, construct a formal proof ; if not, explai
why.

For students to do well in discrete structure course, it is necessar
that they study hard. Students who do well in courses do not ski
classes. Student who study hard do well in courses. Therefor
students who do well in discrete structure course do not skip clas:

Valid arguments :
L Anargument P, P,, ..., P, i— @ is said to be valid if @ is true wheneve

all the premises P,, P P, are true.
2. For example : Consider the argument:p =+ q, ¢ b= p.
P

C r
) PEE
T 7

T F F

F T T

F F r

where P denotes the premise and C denotes the conclusion.

3. From the truth table we can see in first and third rows both the premines
q and p —» g are true, but the conclusion p is false in Shipd row. Thapebee
this is not a valid argument.

1. First and third rows are called critical rows.

5. This method to determine whether the conclusion logically f'ollms:s
fram the given premises by constructing the relevant truth table 1
called truth table technique. P Qs valid if and only if

6. . ment P P'g- .
Also, wo can aay the stV 1455 g true or we ean 42y |
R

Pl A P‘: AP —r Qis a tnutolog}'.
: C rgument p = ¢, p =4

For emmple . Considﬂr the &
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—_
Then from the truth table :

P q lp-oglpap—=glpalp-gl=a

T 7 T T T |

T F F F o

F T ar F ¥ &

F F T F T

p ~(p — q) - g is a tautology since the last column contains 7 only,
p - q,p qisavalid argument.

Numerical :

Let the propositional variables be :

p — Do well in the course.

q — They study hard.

r — Do not skip classes.

1. Forstudents to do well in discrete structure course, it is necessary that
they study hard: p — ¢

Students who do well in the courses do not skip classes : p > r

Students who study hard do well in courses : g — p

Therefore, students who do well in discrete structure course do not skip
classes:p —r

Therefore, we have,
Given : P—=q Do g—p Conclusion: p—r

I 1 m v
Proof : Taking III and II together we get

g—=p,p—>rgives q-r
\Y

N

(Using hypothetical syllogism)
Now taking I and V
p—oqgandqg->rwegetp o r

Hence, p — r is conclusion, so it is valid.
Yes, the statement is valid.

(Using hypothetical syllogism)

Sl;owwnt((pvq)“"("P"(“qv-r)))v(- ~ - isa
Lauto]ngy without using truth table. P A Q) v ( ¢ LAY r

Rewrite the following arguments usin . -
and predicate symbols : g quantifiers, variable

All birds can fly.
Some men are genius.
Some numbers are not rational.

There is a student who likes mathematics but not geogra

F | ol

Mp R

OR

Show that (pvg)a -~ («p A (~q v ~F))) v (=P A ~q) v (-

pvr)isa
tautology without using truth table JTU 2028-18. Mocke 07 |
ot e o f““-‘?‘f..i':‘_.':'ﬂ':;: » = ,
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We have

((‘I(J(Vq)’]‘-“'("}p/\(*?V‘“r)))v(-p/\-q)v(-pvr)

= Vq /\"'"'pﬁ‘-' AT -~

(U:;ngDeMorgan's ng) VGV -tovey)
'—:l(pvq)lA(PV(QA"))V-((pvq)n(pvr))
EI(PV(!)A(PVG”A(PAFHV-((pquA(pvr))
(Using Distributive Law)
=lpvnvalapvriv-(pvg) alpvr)
=(pva)alpvr)v-(pvg alpvr)
sxv~xwherex=(pvq);\(pnr)
=T

ii. a. Vax[Blx)= F(x)] b. 3x [M(x) A Gx)]
c. ~[3(x) (N(x) A R(x)] d.  3x [S(x) A M(x) A ~ G(x))

.
I

1. | “If the labour market is perfect then the wages of all

persons in a particular employment will be equal. But it is always
the case that wages for such persons are not equal therefore the
labour market is not perfect”. Test the validity of this argument

using truth table. AKTU 2014-15, Marks 10

Answer |

Let p, : The labour market is perfect. .
p, : Wages of all persons in a particular employment will be equal.
~p,: Wages for such persons are not equal.
~p,: The labour market is not perfect.

e premises are p, = p,, - p, and the conclusion is ~ p,. The argument
Py=p, ~p,= ~p,isvalidif (p, = p,) A -p,)=>~p,isa tautology.
Its truth table is,

| '—-——_p‘ P: | =P, | “p’ Py =Py u’lapg) A =Py (p,:ap, A "p’) =>=p,
R LTl Fr|F|] T F T
Y
| T|\F|F|T| F F
| Flr|r |F T F T
B LF|F{? || 7 T T

Since ((p,=p,) A ~p,) = ~p, is a tautology. Hence, this is valid argument.
| 2 1

M‘% What is a tautology, contradiction and °°nti“ge’“°3’ ?
Show that (pvg)viapvr =@V r) is n tautology, contradiction or

“ontingency, m”“"’w"
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Answer

Tautology, contradiction and contingency : Refer Q. 4.6, Page 4-7¢
Unit-4.

Proof: ((p v q)» (~pvr)=(qvr)

% vB) ve) (€D

p g | IR EEP (p:q g | (- 2 r) ‘f‘= 3 )

e | FIF| T P T T F i

F|l F|lT]| T F T T T r
F|lrT|F | T| T T T T r
gl ] T T T T T r

T| F| F| F T F T F F

T| F| T | F T 7 T T A

T| T | F F T F T T 74

r| 1| 7| F T T T T T

So, ((pvq)v(=pvr)—(gvr)iscontingency.

Que 4.13. |

i. Find a compound proposition involving the propositional
variables p, g, r and s that is true when exactly three
propositional variables are true and is false otherwise. '

ii. Show that the hypothesis “It is not sunny this afternoon and it

is colder than yvesterday”, “We will go swimming only if it is

sunny”, “If we do not go swimming, then we will take a canoe

trip.” and “If we take a canoe trip, then we will be home by

sunset” lead to the conclusion “We will be home by sunset.”
OR

Show that the premises “It is not sunny this afternoon and it is

colder than yesterday,” “We will go swimming only if it is sunny,"

“If we do not go swimming, then we will take a canoe trip.” and

“If we take a canoe trip, then we will be home by sunset” lead to

the conclusion “We will be home by sunset.”

AKTU 2018.19, Marks ﬁ_ﬂ

Answer | -

The compound proposition willbe : (p AgAar) < &

ii. Let p be the proposition “It is sunny this afternoon”, g be the pr npnqltmn
“Itis colder than yesterday”, r be the pmpnsmon “We will go swimming
5 be the proposition “We will take a canoe trip”, and ¢ be the proposition

“We will be home by sunset”.
Downloaded.'j
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Then the hypothesis becomes

) - .
Propositiona) Logic & Pre

dicate Logic

e — 5 1% PArq,r— — - "
conclusion is simply ¢, HhTp,—r—s and s - . The

We construct an argument to ghow

conclusion as follows -

that our hypothesis Jegd to the

(5.No.| Step Reason ]
—-——l. —PAg Hypothesis

2. -p Simplification using step 1

3. r—=p Hypothesis

4. =ik Modus tollens using steps 2 and 3

5. —~Tr—s Hypothesis

6. 8 Modus ponens using steps 4 and 5

y st Hypothesis

8. t Modus ponens using steps 6 and 7 J

Que 4.14. | Show that: (r 5 ~q, rv S8, S—= ~-q,p = q) & ~p are

inconsistent.

Answer I

AKTU 2017-18, Marks 07

Following the indirect method, we introduce p as an additional premise and show
that this additional premise leads toa contradiction.

(1) (Lp—q
(2] (2) p

(1, 2) (3) g

{4) (4)s— @
(1,2, 4) (6) 5

(6) (6)rvs
(1,2,4,6] (Dr

(8) @ r-q
(8) 9 rvq
(8) (10) raq

(1,2,4,6) 1Nragq
Il' 2| 4g 6’ Bl (12)"1'\{}2‘\ !‘.«‘- q

Since' we know that set offor"ﬂlh"i“n
contradiction, Hence it leads t0 @ €¢

inconsis s
tradiction. So, it

Rule P

‘Rule P (assumed)

Rule T, (1), (2) and modus ponens

Rule P
Rule 7. (3), (4) and modus tollens

Rule P o .
Rule 7\ (5), (6) digjunctive syllogism

Rule P *
Rule T, (8) lde(‘)m (p -»qw p v q)

Rule 7. (8) and De Morgan's Inw

Rule 7. (7), (3) and conjunction

Rule 7', (10), ¢ 11) and conjunction.

tent if their conjunction implies
is inconsistent.
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. = " f’ [y ] ( 10' ‘ l '
» '1, 6,8} 12)' J\f’f\ L4

i i n
e ineonsistent |flhij1
Since, we know that set of formul? ¢ l:;;dirtion. So, it is MEIATAPAS)

contradiction, Hence it leads to 2 €00
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PART-3

Predicate Logic : First Order Predicate, Well Form&:'d Formu;la of
Predicate, Quantifiers, Inference Theory of Predicate Logic.

Questions-Answers

Long Answer 'l‘y-pe and Medium Answer Type Questions

Que 4.15. | Write a short note on

1.  First order logic
2. Quantifiers

Answer
1. First order logic:

:

.. Firstorder logic is the extension of propositional logic by generalizing
and quantifying the propositions over given universe of discourse.

il. Infirst ceder logic every individual has the property p (say),

iii. Itisalsocalled first order predicate calculus.

iv. Predicate calculus is generalization of propositional calculus.

Predicate calculus allows us to manipulate statements about all or
something.

v.  Universe of Discourse (UD) : It is the set of all possible values that
can be substituted in place of predicate variable,

2. Quantifiers : There are following two types of quantifiers ;

i.  Universal quantifier: Lot p(x) be a propositional function defined
on set A. Consider the expression.

(VxeA)Pix) or v x P(x)

Here the symbol “v" is read as “for all” or

universal quantifier, Then the statement
everyx € A, Plx)is true.”

ii. Existential quantifier: Lot @Xx) be a propositional function defined
- on et B, Consider the expression

(3x & B) Qx) or 3r Qx) ..(4.15.2)
Here t,h:--s_vmiml 3" is read as “for some” or “for at least one” or
“there exists” and is called existential quantifier,

Then the statement (4.15.2) is read as “For some y < B. (¥x) is
true”, B

- (4.15.1)

“for every™ and is called
(4.15.1) is read as “For

Q?u!‘m‘ Explain rules of inference in predicate logic.
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o
Apnswer

Rule of inft‘m'nco is a logical form consisting of function which takes premises
analyzes their syntax and returns a conclusion. ”
Rules of inference:

i. Univorsu_l specification : By this rule if the premise (¥ x) P(x)is true
then Ple) 18 true where ¢ is particular member of UD.

(Vx)P(x)
o Ple)
ii. Universal generalization : By this rule if P(c) is true for all ¢ in UD
then (Vx) Plx) is true.
P(e)
s (Vx)P(x)
x is not free in any of given premises.

iii. Existential specification : By this rule if (2x) P(x) is true then P(x) is
true for some particular member of UD.

() P(x)
- Ple)

¢ is some member of UD.

~ iv. Existential generalization : By this rule if Plc) is true for some

particular member ¢ in UD, then (3 x) P (x) is true
P(c)
s (3x)P(x)

¢ is gome member of UD.

v. Universal modus ponens : By this rule if P(x) — @(x) is true for every

x and P(c) is true for some particular member ¢ in UD then @(c) is true.
(V x) P(x)— Q(x)

P(c)
- Qle)

i Universal modus tollens : By this rule if P(x) — @{x) is true for every

x and - Q(c) is true for some particular ¢ in UD then ~ Q(c) is true.
(V x) P(x)— Q(x)

~ Q(c)
- Pl(c)

ue 417. | Write the symbolic form and negate the following
Statements -
I Everyone who is healthy can do all kinds of worlk.

Some people are not admired by everyone. .
Everyone should help his neighbours, or his neighbours will

not help him. . AKTU 2016-17, Marks 10
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Answer 1
a. Symbolic form:

Let Plx): x is healthy and @(x): x do all work
v x(Plx) - Qlx))

Negation : - (V¥ x (Plx) = Q(x))
b. Symbolic form :
Let P(x) : x is a person
Alx, y): x admires y
The given statement can be written as “There is a person who is not
admired by some person” and it is (3x) (3 y)[P(x) A P(y) A — Alx, y))
Negation : (3x) (3y) [P (x) A P(y) A Alx, y)]
¢. Symbolicform:
Let N(x, y) : x and y are neighbours
H(x, y) : x should help y
P(x, y) : x will help y
The statement can be written as “For every person x and eVery person

¥, if x and y are neighbours, then either x should help y or y will not help
x"and itis (vx) (v )N, y) - (Hx,y) =Py, x))]

Negation : (V x) (V y) [N(x, y) = — (H (x, ) P(y, x))]

Que 4.18. I Express the following statements using quantifiers and
logical connectives.

a. Mathematics book that is published in India has a blue cover.
b.

All animals are mortal. All human being are animal. Therefore,
all human being are mortal.

c. There exists a mathematics book with a cover that is not blue.
d. He eats crackers only if he drinks milk.

e. There are mathematics books that are published outside India.
£ Not all books have bibliographies. AKTU 2015-16, Marks 10
Answer

a.

P(x) : x is a mathematic book published in India
Q(x) : x is a mathematic book of blue covey

Vx Pix) — Q(x).

b.  Pix):xisan animal

(ix) : x is mortal

Yx Plx) = Qlx)

Downloaded from
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R(x): x is a human being

Propositional Logic & Predicate Logic

vy Rix) > Plx).

B Plx):x 18 a mathematics book
Q(x} : x is not a blue color
3¢, Pix) ~ Qfx).

d Pix):xdrinks milk

| Q(x) : x eats crackers
for x, if P(x) then Q(x),
or x, Pix) = Q(x).

e. Pix):xisamathematics book

Q(x) : x is published outside India
ax Plx) » Qx).

f. Plx):x is a book having bibliography -~ ¥x, P(x).

:r F 4.19. |

i. Express this statement using quantifiers : “Every student in

this class has taken some course in every department in the
school of mathematical sciences”.

il. If vx3yP(x,y) istrue, does it necessarily follow that vyP(x,y) is

| true ? Justify your answer.
L Yaplx)=3 VzQly,z2)
where P(x) is student of class.
Qly, z) is the course from department.
B Let Py, v)bex +y =3 and x, y belong to some set of integers va3yPix,y)is

| true means for all x there exists some y for which x + y = 8 is true but for
L- all y we conclude that P(x, y) will not be true.

due 4.20. | Translate the following sentences in quantified

€Xpressions of predicate logic.

L All students need financial aid.

i Some cows are not white. 5 '
LBl Suresh will get if division if and only if he gets first div.
If water is hot, then Shyam will swim in pool.

- ¥ Al integers are either even or odd integer.

v AKTU 2017-18, Marks 07

v,
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Answer 1
L Vx [S(x) = Flx)]
.~ [3x) (Clx) ~n Wix))]
iii. Sentenceisincorrect socannot be translated into quantified expression.
iv. Wix):xis water

H(x) : x is hot

S(x) : x is Shyam

P(x) : x will swim in pool

vx [((Wix) A H(x)) = (S(x) A P(x)))
v. E(x):xiseven

O(x) : x is odd

vx (E(x) v Olx))

" T AT
13
|..

VERY IMPORTANT QUESTIONS.

Following questions are very imporiant. These que '_
- may be asked in your SESSIONALS as well as o
IMVERSH'YWAT?ON =6 '

Q.1. Explain the following terms with suitable example :
i. Conjunction
ii. Disjunction
iii. Conditional
iv. Converse
v. Contrapositive
ami: Refer Q. 4.5.

Q.2. Showthat ((pv@)a~(~pA(~gv =P v (~pA~g) v (~pvr)is
a tautology without using truth table. |
anE Refer Q. 4.10. |

Q.3. “If the labour market is perfect titen the wages of all persons
in a particular employment will be equal. But it is always

the case that wages for such persons are not equal therefore
the labour market is not perfect”. Test the validity of this
argument using truth table.

AsE. Refer Q. 4.11.

Q.4. What is a tautology, contradiction and contingency ? ShoW .
that (p v g) v (- p v r) - (g v r) is a tautology, contradiction

or contingency.
Downlo“
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asi Refer Q. 4.12,

Q.5. Show that the premises “It is not sunn this «f .
it is colder than yesterday,” “We will g: swinméz'r:: :1‘;:?‘:
is sunny,” “If we do not go !

2 swimming, then we will tak
canoe trip.” and “If we take a canoe trip. then we willti'::
home by sunset” lead to the - nelusion

sunset.” - ."lbeh"meb?
sux Refer Q. 4.13.

Q. 6. ‘Showt.hnt: (r-—)-q,rvS..‘C—»-q.p—bq)H-pnre
inconsistent.

A% Refer Q. 4.14.

Q.7. Write the symbolic form and ne
statements :

a. Everyone who is healthy can do all kinds of work.
b. SBome people are not admired by everyone,
.

Everyone should help his neighbours, or his neighbours
will not help him.

ARE Refer Q. 4.17.

gate the following

Q.8. Express the following statements using quantifiers and
logical connectives. .
a. Mathematics book that is published in India has a blue
cover. . .
All animals are mortsi. A" human being are animal.
Therefore, all human being are mor!.nl. . .
c. There exists a mathematics book with a cover that is no
blue. '
d. He eats crackers only if he drinks milk. _ )
e. There are mathematics books that are published outside
India. )
f. Not all books have bibliographies.
AWK Refer Q. 4.18.

" : ressions
Q.9. Translate the following sentences in g ety

of predicate logic. o e
i. All students need financial aid.
ot white. . is first div.
iii. Suresh ;"512’3 if division if :ﬁl :f:ﬁ::;g:l-
iv. 1 water is hot, then Shyam odd integer.
V. All integers are either even or
AN Refer Q, 4.20.
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Questions-Answers

Long Answer Type and Medmm Answer Type Questions

Que 5.1. I Explain the following terms
i. Tree

ii. Forest

ili. Binary tree

iv. Complete binary tree

v. Full binary tree

Answer '_]
L Tree:

1. Atreeis aconnected graph that contains no cycle or circuit. It is a
simple graph having no self loop or parallel edges.

2. Atree contains a finite set of elements which are called vertices or
nodes. The vertex can have minimum degree 1 and maximum
degree n.

The number of vertices in a tree is called order of tree.

A tree with only one vertex is called trivial or degenerate or empty
tree.

=

ii. Forest: A forest is a collection of disjoint tree. It is an undirected,
disconnected, acyclic graph.

1) e

tree i ree i i f every
iii. B; . T3 tree is the tree In which the degree a
n;dn:li.: less u;:,l:f?qu:l to 2. A tree consisting of no nodes is nlso a

blnary tree.
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T

iv. Complete binary tree: A binary tree is sa_id to be complete binaq,
tree if all its levels, except the last, have maximum number of possibe
nodes (i.e., 2), and if all the nodes at the last level appear as far left a5

possible.

Fig 5.1,
It is represented as T, where n is number of nodes.

v. Full binarytree: A binary tree is said to be extended or full binary tree
if each node has either 0 or 2 children.

2e § " ‘, Consider the tree given below :

L  Which node is root ?
ii. Which nodes are leaves ?

iii. Name parent node of each ?
iv. List children of each node.

Downloaded from'
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List the siblings.

(CS/IT-Sem-3)

Trees, Graph and Combinatorics

; Find depth of each node.
vil. find level of each node.

The node a is the root node.

L

i, Thenodeg, h,i,jand!/ are leaves.

iv.

vi,

bandec
eand f

gand h

Jand &

Nodes Parent node
b, ¢ a
d b
j, k c
e, f d
g h e
i f
1 k
a b, c
b d
c jr k
d e, f
e g h
f 1
k 1
_Nodes Depth
a 1
b, ¢ 2
d,j, k 3
e fl 4
g' h!i _§__._-——'
Nodes |  level
a 0
b, ¢ 1
p 2
dvjr k 3
£, f,l 4
___gl hoi /
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PART-2

Binary Tree Traversal.

Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 5.3. I Define preorder, inorder, and postorder tree traversal,

Give an example of preorder, postorder, and inorder traversal of a
binary tree of your choice with at least 12 vertices.

OR
Explain in detail about the binary tree traversal with an example.

AKTU 2016-17, Marks 10

Answer |

Tree traversal : A traversal of tree is a process in which each vertex is
visited exactly once in a certain manner. For a binary tree we have three
tvpes of traversal :

1. Preorder traversal : Each vertex is visited in the following order:
a. Visit the root (N). _
b. Visit the left child (or subtree) of root (L).

c. Visit the right child (or subtree) of root (R).
2. Postorder traversal :

a. Visit the left child (subtree) of root.

b. Visit the right child (subtree) of root.
c. Visit the root.
3. Inorder traversal :

a. Visit the left child (subtree) of root.

b. Visit the root.

¢. Visit the right child (subtree) of root.
A binary tree with 12 vertices :

Downloaded_ from 1
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preorder (NLR) :ABDHIEJCFKLG
mnorder (LNR) : HDIBJEAKFLCG
pnstorder(LRN): HIDJEBKLFGCA

Que 5.4. l Construct a tree whose inorder and preorder traversal
are as follows :

Inorder : @ B A G C P E D R
Preorder: G B Q A P C D E R
‘Answer |
Root is G.

O,

Element to left of G in inorder traversal are @ B A and B comes first in
preorder traversal. Therefore tree will be

Fig. 5.4.2.
Now elements on the right of G in inorder traversal are CPEDR and P comes
first. Therefore tree will be

Now element to left of P in inomider traversal is C ang to ﬂ::lggh:n is Esz
ight subtree) out of DER, D comes first and E and K on1
ively,
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Therefore, the complete binary will look like

Que 3.5. I Define a binary tree. A binary tree has 11 nodes, It'’s

inorder and preorder traversals node sequences are :
Preorder:ABDHIEJLCFG
Inorder: HDIBJEKAFCG

Draw the tree. AKTU 2018-19, Marks 07

Binary tree : Refer Q. 5.1(iii), Page 5-2C, Unit-5.
Numerical :

Step 1 : In preorder sequence, leftmost element is the root of the tree. By

searching A in ‘Inorder Sequence’ we can find out all the elements on the left
and right sides of ‘A’.

(&)

@med  {Q

Step 2 : We recursively follow the above steps and we get

Que 5. Given the inorder and postorder traversal of a tree T':
Inorder : HFEABIGDC Postorder: BEHFACDGI

Determine the tree T and it's Preorder. AKTUSGI'I-IB.WW
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Now D and C are i
N o on right of G and D comes last of G and 7 postorder

T':No?r element left of I are H F E A B in inorder traversal and A comes last of
allin postorder traversal. Therefore tree will be

= ®
(A) (D)
(©
Now H F E are on left of A in inorder traversal and B comes last of all and
-tontinuing in same manner. We will get final binary tree as

Preorder traversal of above binary tree is CAFHEBDGI

% ﬁ pe: "ﬁf’. A Y e F‘%_'!‘-':f f@ﬂrf;:ﬁ?*” :F
AT 55 G ?‘3,_ PART-3 [ESFSaissi e
R S S % — WA T R iy

s

[ g 1 d > b

= inary earch tree ? Form a binary search

E o) what 1s & b : t, grosbeak, nuthatch, and
) for the words vireo, warbler, e8Teh

' her. Explain each step-
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5-9C (CSIIT.sem.a)
——em-y)

Answer
Binary search tree :

1. Abinary search tree is a binary tree T in which data is associated wig,
the vertices.

2. The data are arranged so that, for each vertex v in T, each d
the left subtree of v is less than the data item in v and eac
in the right subtree of v is greater than the data item in p.

The binary tree T in Fig. 5.7.1, is a binary search tree since ove

vertex in 7' exceeds every number in its left subtree and i
every number in its right subtree.

(50
OB D

® @ @
oG

Fig. 5.7.1. A Binary search tree.

ataitem i,
h data item

8 less thap

Numerical :

1. Tostart, create a vertex and place the first item in the list in this vertex

and assign this as the key of the root,

To add warbler, compare it with vireo, Warbler is greater than vireo,
therefore it will be in the right of vireo. i,

e.,
(Yireo)

3. Similarly by doing the above

steps for rest of words we get the final
binary search tree that is given below : =

|
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e

ﬂ“’—ﬁ—l Write algorithm for following :

3, Searching and inseriing a node in BST
ii. Deleting a node in BST

‘Answer |
ii Searching and inserting a node in BST:

Consider a binary search tree T and we have to insert or search an JTEM in
the tree.

Step I : Compare ITEM with the root of the tree

a. IfITEM <root, proceed to the left child of N.

. b. IfITEM > root, proceed to the right child of N.

. StepIl:Repeat Step I and if
a. We reach a node N such that ITEM = N then search is successful.
b. We reach an empty subtree, which shows the search is successful.
Insert ITEM in place of empty subtree.
il. Deleting a node in BST':

Consider a binary search tree T and we have to delete an ITEM from the
tree.

Step I : Find the location of node which contain ITEM and also keep track of
its parent too.

Step II : Find the number of children of the node.
a. If node has no children then simply delete the node.

b. If the node has exactly one child then the node is deleted from tree by
replacing the node from its child.

c. Ifthe node has two children then
i.' Findits inorder successor.
ii. Delete the successor from tree using (a) or ().
ili. Replace node by its successor in tree.

'9“"‘6-5.9. 1 Draw a binary search tree by inserting following
integers 55, 20, 63, 10, 28, 60, 93, 5, 11, 40, 68, 25.
~

Answer
L Insert55:

©

(59
29

2. Insert20:
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Insert 63 :

Insert 10:

Insert 28 :

Insert 60:

. Insert93:

Insert 5:
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Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 5.10. | What do you mean by graph ? Also, explain directed and
undirected graph.

Answer l

A graph is a non-linear data structure consisting of nodes and edges. A graph
consists of two sets as follows :

1. Set V of nodes or point or vertices of graph G.
2. Set E of ordered or unordered pairs of distinct edges of G.

We denote such a graph by G(V, E) and set of vertices as V(G) and set of
edges as E(G).

For example:

V. c Vs |
d - b
Vi 2 Va
Fig. 5.10.1.

Order : If G is finite then number of vertices in G denoted by |V (G)]| is
called order of G.

Size : The number of edges denoted by | E(G)|in a finite graph G is called
size of G.
Directed graph : A graph G(V, E) is said to be directed graph or digraph if

each edge ¢ € E is associated with an ordered pair of vertices as shown
below :

C

a b
Fig. 5.10.2.
Undirected graph : A graph G(V, E) is said to be undirected if each edge
e = E is associated with an unordered pair of vertices as shown below :

b

JFig. 5.10.8..
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Graph can be represented in following two ways :
1. Matrix representation :
Matricgs are commonly used to represent Jrapns for computer
processing. Advantages of representing the graph in matrix lies in the
fact that many results of matrix algebra can be readily applied to study
the structural properties of graph from an algebraic point of view.
a. Adjacency matrix:

i. Representation of undirected graph :

The adjacency matrix of a graph G with n vertices and no
parallel edges is a n x n matrix A = la”] whose elements are
given by

a, =1, if there is an edge between i* and j™ vertices
= 0, if there is no edge between them
ii. Representation of directed graph :
The adjacency matrix of a digraph D, with n vertices is the
. matrix
A= [aulu_ﬂ in which

a, = lifarc(v, uj) isinD

i
= 0 otherwise

For example :

vV, v,
Va e Vj
v, vy U U
p,[0 1 1 1
A=uv|1 010
v/l 1 0 1
{ U, _1 01 0-_

e b. Incidence matrix:
3 i. Representation of undirected graph:

i directed graph G = (V, £} Whic.h hus"u vee
Sz:lmr::jz:‘iga?su;:l labelled. The incidence matrix HG) =1+

then 2 x m matrix, where o :
b =1 whenedgees incident with v,

- 0 otherwise
Downloade o\
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ii. Representation of directed graph :

The incidence matrix I(D) = [b y] of digraph D with n verticeg
and m edges is the n x m matrix in which.

b, = 1ifarc;is directed away froma vertex v,
= —1ifarcjis directed towards vertex v,
= 0 otherwise,

Find the incidence matrix to represent the graph shown iy
Fig. 5.11.2.

Va

V1 e
T—'D'i———.

P Ns e

AN

v, i, Vg
fhe mewenee matrix o the digraph of Fig. 5.11.2 s

ey

-

1 9 0 -1 1
nmm<|"1 ¥ 0 0 0
0 -1 1 0 -1

0 0 -1 1 0

2. Linked representation : In this representation, a list of vertices
adjacent to each vertex is maintained. This representation is also called
adjacency structure representation. In case of a directed graph, a care
has to be taken, according to the direction of an edge, while placing a
vertex in the adjacent structure representation of another vertex.

—

A
|lr_:'e;r e _;‘{4?.‘ T T T e E " o
s c}' L e R A L o o : .
u\;_- - i "(-:",..;, . = e : g e A sy E v 3 Fa £ s A

ol P N s AL e > <11 -

e - o e - - z I Sl # A 7 = = e
} Sl J;.:' Py el 7.. ¥ I.,‘d’-\": q,"‘f? . E.-{:I. ;;-‘-:‘:_:" -."T- ora 3 i Ny i

I

Qne 5.11. Write short notes on :
a. Simple and multigraph
b. Complete graph and regular graph
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Bipartite graph
d Planar graph
a. Simple and multigraph :

i. Simple graph : A graph in whic

h there is only one edge between
a pair of vertices is called a simpl

e graph.
— o
Vv, v,
Fig. 5.12.1.
ii. Multigraph : Any graph which contains some parallel edges is
called a multigraph.
Vs 33 Va
e_‘ 92
v, - v,

b. Complete graph and regular graph :
L. Complete graph: A simple gra

edge between each pair of distinct vertices is called a complete

graph. The complete graph of n vertices is denoted by K,. The
graphs K, to K, are shown below in Fig. 5.12.3,

L — AR

ph, in which there is exactly one

K, K,
Fig: 5.12.3,
K, has exactly n(nz— D . "C, edges
ii. Regular graph (n-regular graph) : If every vertex of a simple
graph has equal ed

ges then it is called regular graph.

If the degree of each vertex is n then the graph is called n-regular

' graph
(a) (n) (c)

Fig. 5.12.4.
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The graphs shown in Fig. 5.12.4 are 2-regular graphs.

The graph shown in Fig. 5.12.5 is 3-regular graph.

Fig. 5.12.5.
Bipartite graph :

L Bipartite graph : A graph G =(V, E) is bipartite if the vertex got
V can be partitioned into two subsets (disjoint) V, and V, such that
every edge in E connects a vertex in V| and avertex V, (50 that ng
edge in GG connects either two vertices in V', or two vertices in V).
(V}, V,) is called a bipartition of G.
X X9 X3 X X2 r<, X4

l‘,:‘
—

Yo ¥3 Y1 Ya ¥a
Fig. 5.12.6. Some bipartite graphs. .

ii. Complete bipartite graph : The complete bipartite graph on m
and n vertices, denoted K » 18 the graph, whose vertex set is
partitioned into sets v, \'.‘i;]l m vertices and V, with n vertices in
which there is an edge between each pair of vertices v, and Vo
where v, is in V,and v, is in V,. The complete bipartite graphs
Ky 5 Ky 40 Ky 30 Ky 5 and K

AN 2 DR

Fig. 6.12.7. Some complee bipartite graphs.
Planar graph :

A graph G is said to be planar if there exists some geometric
representation of G which can be drawn on a plane such that no two of
its edges intersect except only at the common vertex.

i A graph is said a planar graph, if it cannot be drawn on a plane
without a crossover between its edges crossing.

ii. The graphs shown in Fig. 5.12.8(a) and (b) are planar graphs. |

|
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(ax) ®)
Fig. 5.12.8. Some plani® graph;
Qgg 5.13. | Define the following with one example :
i, Bipartite graph

ii. Complete graph

iii. How many edges in K, and K .

iv. Planar graph AKTU 2017-18, Marks 10
Refer Q. 5.12(c), Page 5-15C, Unit-5.

Refer Q. 5.12(b), Page 5-15C, Unit-5.

Number of edge in K, : Since, K is complete graph with n vertices.

Number of edge in K, = 7(72_1)=7;6 =21

BB Sy

Number of edge in K, o

Since, K, ..1sacomplete bipartite graph withn Viandm eV,
I‘Iun.\berterdgeinI{3 g=3x6=18

. ¥ Refer Q. 5.15(d), Page 5-18A, Unit-5.

4. | Explain isomorphism and homomorphism of graph.

}'"“‘thism of graph : Two graphs are isomorphic to each other if

; Both have same number of vertices and edges,
" Degree sequence of both graphs are same (degree sequence is the
_ziglel:)nce of degrees of the vertices of a graph arranged in non-increasing
ple:
¥ Fig. 5143,
Hom, ¥is.

R, Orphism of graph : Two graphs are said to be homomorphic if one
- l:na:an be obtained from the other by the creation of edges in series (i.e.,
R ™o of vertices of degree two) or by the merger of edges in series.

NAavmland . 1 r _  _ame ..
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(a) (b) (c)
Fig. 5142,

Que 5.15. | Prove that Kg and K are planar graphs. Prove that K, is

non-planar.

Answer I

A o
The complete K4 graph has 3 edges and 3 vertices. :jnl‘]‘
For a graph to be planar 3v—e 26 o
3v-e=3x3-3=9-3=626 fam
K, is planar graph | Has
Similarly complete K, graph has 4 vertices and 6 edges. {He
v-e=3x4-6=12-6=626 , ﬂ!t"l"
K, is planar graph 1 I};
The complete K graph contains 5 vertices and 10 edges. "__
Now3v-e=3x5-10=15-10=526 fue |
Hence Kj is non planar since for a graph to be planar 3v —e > 6. P
Que 5.16. I What are Euler and Hamiltonian graph ? e
OR W
Explain the following terms with example : o
i, Homomorphism and Isomorphism graph
ii. Euler graph and Hamiltonian graph a
iii. Planar and Complete bipartite graph
| AETU 2014-15, Marks 10
i. Refer Q. 5.14, Page 5-18C, Unit-5. t
ii. Eulerian path : A path of graph @ which includes each edge of G
exactly once is called Eulerian path,
Eulerian circuit : A circuit of graph G which include each edge of G exactly
once,
Eulerain graph : A graph containing an Eulerian circuit is called Eulerian
graph. \
For example : Graphs given below are Eulerian graphs, &“
Vl V2 3 A B \ N
l
Vs Vi C
Fig. 51611

S

]
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{tonian graph A Hamiltonian circuit in a graph G is a closed path
every vertexin G exactly once except the end vertices. A graph Gis

t visit ; :

called Hamiltoman graph if it contains a Hamiltonian circuit.
wexnmple . Consider graphs given below :

D C D C

F
A B A B
(a) D s (b)
Fig. 5165

Graph given is Fig. 5.16.2(a) is a Hamiltonian graph since it contains a
Hamiltonian circuit A —B -C - D - A while graph in Fig 5.15.2(b) is not a

Hamiltonian graph.
Hamiltonian path : The path obtained by removing any one edge from a
Hamiltonian circuit is called Hamiltonian path. Hamiltonian path is subgraph

of Hamiltonian circuit. But converse is not true.
The length of Hamiltonian path in a connect

n-1ifit exists.
{ii. Refer Q. 5.12, Page 5-15C, Unit-b.

ﬁ.ﬁ_ B.AT. I

ed graph of n vertices is

a. Prove that a connected graph G is Euler graph if and only if
every vertex of G is of even defree.
Which of the following simple graph have a Hamiltonian circuit
| or,if not a Hamiltonian path ? ARTL 2016-17, Marks 16
b g .
c e f

G3

First of all we shall prove that if a non-empty connected graph is
Eulerian then it has no vertices of odd degree.

"% ‘2. Let G be Eulerian.

" 3. Then G has an Euleria? trail which begins and ends at u.

I,_ Downloaded from TwoWail
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4. Ifwe travel along the trail then each time we visit a vertex. We Use
two edges, one in and one out.

5 This is also true for the start vertex be

6. Since an Eulerian trail uses every edge once, the degree of each

" vertex must be a multiple of two and hence there are no verticeg of

ndd degree.

7.  Now we shall prove that if a non—empt}’ connected graph has ng
vertices of odd degree then it is Eulerian.

8. Let every vertex of G have even degree.

9. We will now use a proof by mathematical induction on |E(G)|, the
number of edges of G.

Basis of induction :

Let | E(G)| =0, then G is the graph K, and G is Eulerian.

Inductive step :

1. Let P(n) be the statement that all connected graphs on n edges of |

even degree are Eulerian. |

Assume P(n) is true for all n < |E(G)|.

Since each vertex has degree at least two, G contains a cycle C.
Delete the edges of the cycle C from G.

The resulting graph, G' say, may not be connected.

However, each of its components will be connected, and will have
fewer than |E(G)| edges.

7. Also, all vertices of each component will be of even degree, because

the removal of the cycle either leaves the degree of a vertex .
unchanged, or reduces it by two. |

By the induction assumption, each component of G' is therefore
Eulerian.
To show that 3 has an Eulerian trail, we start the trail at a vertex,

u say, of the cycle C and traverse the cycle until we meet a vertes,
¢, say, of one of the components of G /.

10. We then traverse that component’s
to the cycle C at the same vertex,

11. We then continue along the
G’ as it meets the cycle,

12. Eventually, this process travers ‘

es all the ed jves
back at «, thus producing an Eulerian trailefogeé of G and arn

13. Thus, G is Eulerian by the principle of mathematical induction.

. aci ;,'ﬁm g::ph G1shown in Fig. 5.17.1 contains Hamiltonian circuit, £
—€—d-¢-aand also a Hamiltonian path,ie. abede

G2 : The graph G2 gh in Fi i
circuit since every o c;):; in Fig. 5.17.1 does not contain Hamiltonia®

. ntaining every vertex must contajn the €48
¢ twice. But the graph doeg have a Hamiltonian path q —nb ..I:..c;.

Downloaded
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/_ ) . . . . . )
G8:The graph G3 shown in Fig. 5.17.1 neither have Hamiltonian circuit

por have Hamiltonian path because any traversal does not cover all the

vertices.
W&-l Prove that a simple graph with n vertices and k

-k)(n-k+1)
nents can have at most (n M(; edges.

compo

ARTU 2016-17, Marks 10

.....

Lq;the riuhber of vertices in each of the k-components of a graph G be n,
..y N, then we get
By4 g+ .ty =0 wheren, 21(i=1,2,.., k)

k [ k
Now, $(n, -D= Sn-Y1=n—k
i=1 i=1 fal]

"r"

i 2
[ (n‘—l)] =nf+ k2 -2nk
i=1
b k
or ¥ (n, - 17 +2Y 3 (n,-Dn,—1) =n®+k?—2nk
i=l

i=14=1
lej

h

or »_(n,—1)* + 2non-negative terms) = n? + k% — 2nk
I=1

(v n,-120, ;- 120]

i

'
or > (n =1 < n?+ k- 2nk
i=1
A ' A
or Zn"+21—22ni < n?+ k% -2nk
in] =] i=1
'
or Y'nj+k-2n < n®+k*-2nk
i=1 .
!
or n'-n < n?+k%-2nk-k+n

1
=nn-k+D-kn-k+1)
=(n-kXn-k+1) ...(6.18.1)
We know that the maximum number of edges in the ith component of

G= "C,:i';iﬂ;_;ﬁ

T 2
fore, the maximum number of edges in G is:

1
L -0 = HEw - En) = HER -1
‘ Downloaded from TwoW
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< % (n—=k)n -k +1) by using eq, (5, 18.1)

Que 5.19, | What are different ways to represent a graph ? Def,,
Euler circuit and Euler graph. Give necessary and Sufficient

conditions for Euler circuits and paths. | AKTU 2018-19, Mark. 07 |

Answer |

Representation of graph : Refer Q. 5.11, Page 5-14C, Unit-5.
Euler circuit and Euler graph : Refer Q. 5.16, Page 5-19C, Unit-5,
Necessary and sufficient condition for Euler circuits and paths :

1.

2.

A graph has an Euler circuit if and only if the degree of every vertex is
even.

A graph has an Euler path if and only if there are at most two vertices
with odd degree.

Que 5.20, | Define and explain any two the following :

1. BFS and DFS in trees

2. Euler graph

3. Adjacency matrix of a graph AKTU 2017-18, Marks 07
Answer

j

Breadth First Search (BFS) : Breadth First Search (BFS) is an
algorithm for traversing or searching tree or graph data structures. It

starts at the tree root and explores the neighbour nodes first, before
moving to the next level neighbours,

Algorithmic steps :

Step 1 : Push the root node in the queue.
Step 2 : Loop until the queue ig empty.
Step 3 : Remove the node from the queue,

Step 4 : If the removed node has unvisited child nodes, mark them as
visited and insert the unvisited children jn the queue '
Depth First Search (DFS) : ’

Depth First Search (DFS) is an algorithm for traversing or searching
tree or graph data structures. One starts at the root (sge] ting some
arbitrary node as the root. in the case of a graph) and e 1 e gfnr as
possible along each branch before backtracking Lt
Algorithmic steps ; '
Step 1 : Push the root node in the stack.
Step 2 : Loop unti] stack is empty.

Step 3 : Pick the node of the stack.

Step 4 : If the node has unvisit i i
. ed child nodes, get the unvies hild
node, mark it ag traversed and push it on stack. % \tvisited ¢
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gtep 5 : If the node does not have any unvisi ,
from the stack. any unvisited child nodes, pop the

' node
Refer Q. 5.16, Page 5-19C, Unit-5.
Refer Q. 5.11, Page 5-14C, Unit-5.
I
|

PART-6

e B

Graph Coloring.

Questions-Answers

Long Answer Type and Medium Answer Type Questions

—

Que 5.21. | Write a short note on graph coloring.

‘Answer I

1. Suppose that G(V,E)isa graph with no multiple edges, avertex colouring
of G is an assignment of colours.

2. AgraphGis m-colourable if there exists a colouring of G which uses m
colours.

3. Colouring the vertices such a way such that no two adjacent vertices
have same colour is called proper colouring otherwise it is called

improper colouring.

PART-7

Recurrence Relation and Generating Function : Recursive
Definition of Function, Recursive Algomhms, Metfwd of
nees, Combinatorics : Introduction,

Solving Recurren rod
- Counting Technigues, Pigeonhole Pri nciple.
l T : . —
[ . Questions-Amswers
oot Ao Type aa Mediam Anwer Type Question
—_— = ____‘-_.___________

m‘ Write a short note on recurrence relation.

For g ction (a,, Gy Gp- @ ....) an

'

ic fun .
A fthe as, i <718 called

Baqu 8 oT
quence of number \o one or more 0

© .
Quation relating a,, for any T
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recurrence relation. Recurrence relations are also cnl.Ied difference SQuationg
because thev can be written in terms of the difference between th,

consecutive terms of a sequence.

e

For example : a, =44,
a,=a,_,—2,_4

are recurrence relations.

Order of recurrence relation : The difference between the highest ang

lowest subscripts of a, or fixory, is called the order of recurrence relation

r“o
rei

“~

3

For example :

1. The equation 13a, + 12a, _, = 0is of order 1 (i.e., r - (r—1)=1).

2. The equation 8 fix) + 2 fix + 1) + flx + 2) = klx) is of order 2
(le., (x +2)-x=2)

Degree of recurrence relation : The highest power of a or flx) or y s

called degree of recurrence relation.

For example :

1. The equation y%, , , + 2y%, ., -, = 0 has the degree 3 as the highest
power of y, is 3.

2. The equationa, + 20° _ +83a® _,+4a,_, =0has the degree 4, as the
highest power of a_ is 4.

Que 5.23. | What do you mean generating function ? Solve the

recurrence relation :
a =2a, -a on2 2givenao- 3,a, =-2
using generating function.

Answer |

Generating function : The generating function for the sequence a,, a,, -
ay, ... of real numbers is infinite series given by

G¢x)=“o+a‘x+a2r9+ ...... +apts = > ax'

x is considered just a symbol called indeterminate and it is not variahle, which
is replaced by numbers belonging to same domain.

The given recurrence relation is,

a,=2a,,-0, ., n>2 ..(6.23.1)
Multiply by x* and take summation fromn =2to o, we get
2ax' =2)a x"-Ya , x* (5232
n=J nel ans
We know, Gix) = Zﬂ. =g +ax+axtvaxt ., (5239
n+0 )

Fﬂ)m eq. (5-23-2), we hﬂ\'e
(e +oyx'+ . )=2(ax?+a, 3 + . )-(@px 4 a v )

(ax®+a,2% )= 2¢ (ax+a,x?+.)-x (@+a,x+..)
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(5233) weget
Glx)-3+2xr = 2:(0{13—3) xZG{:r)
Gx)1-2¢ + x%) = 3-8«
Glx) = 23-8:: 23—8.::3—8:: - 3 pie 8x
x*-2x+1 (-1 (1-xP Q-2 Q-2
a"=3(n+1)-—8n=3-5n

Solve the recurrence relation y, , , - 55, ,, + 6y, = 5"

sbject to the condition y, = 0,y, = 2, ARTU m17k%19

et G(t) = Zaut" be generating function of sequence {a ).
ne0

Multiplying given equation by ¢" and summing from

n = 0 to =, we have

Zamz: _52""*‘ ¢" +BZa ¢ -Zs" ¢

n=0 n«0
G(r)—an at _[G)- ﬁ] 6G(t) =)
t? t 1- 5¢
Put ay=0anda,;=2
2

1-5¢

Git) - 2t - 5t G{t) + 62 G(1) =

Git) - 5t G(t) + 6t G(t) =

2
G (15t +68) = —— +2t

2
62—5t+ 1) Gl = L — +2

1- 5t
5 , 2

G) = T snm@e- 2t -1 (3t -1¥2-1)
¢ 2

= Q—5tX1-3(1-20 Ta-3tK1-2)

A, B [ C
a-30 (1-20
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2
¢
A= 0=-30G75na-300-20),_,,
I
= -3 =20,y
1/25 _1
= 1-3/5X1-2/5) 6
(1-3t) 2 |
B= =900 son-ana -2,
(2 1/9
= -s01-20) '(E*_:_.5. (?_-,_2.}
t b B
=1
T2
C=(1-20 B |
B (1561 -3tX1-21)],
_ ¢ | 1/4
T (1-50(1-30)|,_,, 2-5 (2-3)
2 2
1
=3
Again,
2t __D __E
(1-36X1-2t)  (1-3t) (1-2¢)
D=0-3)——2_ |
1-31-28), .
_ o _218 _,
1-20),_ .~ B=2)
E=0-20)— 2
(1—:1.1:)(1--21:)“1!2
. _2/2
-3, ,,  2-3- "2
=
G- 16 __1/2 13 o 2
(1-50 (1-3t) (1-20 Q_3p (-2
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1-5t (1-30 1-2

Z:,ﬂan "= LS e +~Z(3n" -—2(2:)"
L]

nr0 n=l IIIO

a,= 3(5)" + —(3)" - -—(2)"

e 525. | Solve the recurrence relation by the method of
erntmg function :
-"_7a +10a,_, =0, rzz.Givena.-!!andal-s.

the recurrence relation using generating function :
a,-7a, ,+10a, , =0 with a,=3,a,=3.

1+10a,_4=0,r22
Iulhplybyr’ and take sum from 2 to .

Za x -7 Zar l.l' +10 ZH,Q:C =

r=2 r=2
@,z +a,x¥+a,xt+..)— i@ 2% +a, 23+ L)
+10(@yx?+a, 2% +...)=0

Glx) = Zurx’—_-ao+a1x+...
r=0

Glx)-ay-a, x - 72 (Glx)—ay) + 10x* G(x) =0
Glx) [1-7x+10x% =a,+a,x-Tayx
=3+43r-21x=3-18x

3-18x 3-18x
Glx) = 2 T10x° -5x-2x+1
10x? -7x+1 10x x
§-18x N 3-18x

Br@x-D-1(2x-1) (Bx-1)2x-1

__3-18x A B

=_—-—-—-+

(5x-1)(2x 1) b5x-1 2x-1
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3_18x=A 2x-1)+BGx-1
1
put x= ‘2'
5 ) = = -::;- B=>B=-4
"
put x= 5
18 g (2-1) = 2a-Bac1m A
i (#-Y =55
1 4 _ 4 1
G{x)-Ex—l—le-l 1-2x 1-5x
N a"=42"-5%
Que 5.26. I Solve the recurrence relationa_,-5a_,+6a_=(r+1),
AKTU 2014-15, Marks 10
Answer |
a,,,-50,,+6a =(+1P=r"+2r+1 .(5.26.1)
Now the characteristic equation is
1‘2 -5x+4+6=0

(x-3Nx-2)=0=>x=3,2

The homogeneous solution is :
a®=C24+C,%

Let the particular solution be :

aP =Ag+A;r + A2
* From eq. (5.26.1)

Ag+A r+2)+ A, r+2P-51A0+A, (r+ 1)) + A, (r + 1)

+6A, +6A,r +6Ay7
=rt+2r+1
04.0+?.4l+4A2—5.A0—5A1-5A2+6An)+r(AI +4A,-BA, - 104,+64))

| +ri(A,-5A,+64,)=r2+2r+1
Comparing both sides, we get,

2Au—3:11—A2= 1

.(5.262)
24, - 64,=2 (5263
2“12 =] = .42 3 w I|
From eq. (5.26.3), 24, -3=2 ‘
A= 5 ]
.
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¢ (CS/AT-Sem-3) Trees, Graph and Combinatnrica
geq. (6.26:2)
15 1
Mo=g 2=

. . - t’l 2
alsolutionis,  a =q, ‘+ar(P)=Clzr+C23r+ % " :’éi_r+£_

1 | Solvea -6a__ + Ba, _,=rd, given a,=8,anda, =1.

AKTU 2017-18, Marks 07

| a,-6a,_,+ 8a, _p=r4
- The characteristic equation is, x2 — 6x 4 8 = 0, x2
| (.1:—2)(x-—4)=0.x=2,4
The solution of the associated non-homogeneous recurrence relation is,
- a, " = B,(2) + B,(4y (5.27.1)
i a'P =r¥4, +A,rud"

-2t —4dx +8=10

- Substituting in the given equation, we get
D A+ AT -6~ 1) (A + A (r — 1))4r - !

- +8(r-2)" (Ag+ A (r—2)47=2 = p4r

-

S+ A g— [(Ayr? — 24,0 + Ag) + (A3 -A) -3A;r%+ 34,12
+ % [(4,r? —4rd, + 44)) + (A,rd - 8A, -64,r\%+ 1241 =r

. 3 3 3 3
= rAD+A1r3— 3 A0r2+3A0r-— 3 Ay- 2 A+ P Ay
9

e Art- —3- A+ —;-.4.0!'2—2‘\01'4-?.{\0

%A,rﬂ-m,-m,rﬂ-mlur

: 3
P, > 2A0r"‘A0’2— %Ao“g‘Al+ % A1'-2+ —2-.41"‘:?'
E ?'-"mpaﬁng both sides, we get >

24, 4 _;: A= (5.272)

Ay+54, =0 (5.27.3)
Solvi ! _ _ -2 A = —10
8 equation (5.27.2) and (5.27.3), we get A, = T 0T
To fing the value of B. and B, putr=0and r = 1in equation (5.27.1)
1

MNMAatasmla — _1_ 1 »
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5-31 C (CS/IT-Sepg,
—\'\-.

r=0 a,=B;+B; B,+B,=8 +(5.27 4)
4B, =1 5,27 5;

r=1 “1=ZBI+482 2B, + 2' 18—31 B-“155J

Solving equations (5.27.4) and (5.27.5), we get 5, = 2 e

g i th (p)
Complete solutionis, a, =a /"' +a,

M= Bl =[--m) (-2] :
0‘2—2—-2—54 4r[ 17 + 17 ri4

Qltml Solve the recurrence relation :a, + 4a,_,+4a__ =,

c'r""“r--l+4a.|r-—2"=r2
The characteristic equation is,
x?+dr+4=0
(x+2°=0
x=-2 -2
The homogeneous solution is, a'*' = (A, + A ,r) (- 2
The particular solution be, a%’ = Ay + A
Pute,a, ,anda, 2 from % in the given equation, we get
Agr? +4r —8r+ 4+ 4r2-16r + 16) +
AP +4° 4122, 12r + 413 - 32 - 24r2 5 48r) = 1"
Apl9r2 - 24r 4 20) + A (97 — 4872 4 60r — 36) = ,2
Comparing the coefficient of same power of r, we get

94,-484, = ..(6.28.1)
Solving equation (5.28.1) and (5.28.2) 4, = =3 A=-=5
The complete solution is, o3 159
o, =2 +a® =4 +Ar) -2y, [[:_?_) . [:_ﬁ) :
53/ \159)"|"

Que 5.29. Suppose that a valid codew

decimal notation containing an
the number of valid codew otm tumber of 0’s. Let a_ denote

relation a, = 8a, | + 10"~ and the initin) o) |08 the recurrenc?

i ry till L Use
kenerating functions to find an explicit :ml::u a =9
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11
i
e

T3
- -
Tl

Lt el
Yl

-

w

ot Gl)= Z a,x" be the generating function of the sequence ap.a,,a,....
\, - n=0
th sides of the last equations starting with n = 1. To find that

Gx)-1= ia,,.t" =i(8a,,_,:c" + 20”7 x°)

n=1 n=1

| =8 ia,_,x" + ilﬂ""'x"

ne=l m=1

= Bx iﬂu-l-‘"—l +x i"lo"'tz""l

n=] n=1

'mmbo

= 8x ianx" +x ilﬂ"x"

n=0 n=l
| = 8¢G(x) + x/(1 - 10x)
Therefore, we have
-4 G(x) - 1 = 8xGlx) + x/(1 - 10x)
‘Expanding the right hand side of the equation into partial fractions gives

apll i 1)
mx)_§[1-8x+1—10x

This is equivalent to

Glx) = l[is" x" + ilﬁ"x“]
2 n=0 n=0

N |
o ZE(S"+10"):"

n=0

1 cn
| = 10")
a 2(8 +

. E .| Define permutation and combination. Also, write

, “lerence between them.
r I,- ‘. ,"":t; | |
'4. pe"l;mtation refers to different ways of arranging a set of object ina
tquential order. _ . |

The number of permutations of 7 different things tal. 0 7
time g denoted by p(n, r) or np
combination refers to several ways of choosi

of object,
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Scanned by CamScanner

ngitems from a 1Y ol



e ———— ]

Discrete Structures & Theory of Logic 5-33C (CSH—T-'E?_'EE’_

4. The number gfcgmhinntions of ndifferent thing taken r (< n)at g Lime
is denoted by C(n, r) or "C,.

The selection of two letters from three letters a, b, ¢ are “b. be ca and thyg,

the number of combinations of 3 letters taken 2 at atime is C(3,2)=3

Difference between a permutation and combination :

8. No, Permutation Combination
L Both selection snd arrangement | Only selection is made,
are made.

———

——

2. Ordering of the selected oliect | Ordering of the selected object is

is essential, 4 not essential.
| 3. Multiple permutation; cam be | Single combination is derive from
derive from combinatio.. i single permutation.
n! o n!
4. P N —— ﬂ’:__
L (n-r)! r rlitn-r)

Que 5.31. l Suppose that a coolic shop has four different kinds of

cookies. How many different ways can six cookies be chosen ?

AKTU 2016-17, Marks 15

As the order in which each cookie is chosen does not matter and each kind of

cookies can be chosen as many as 6 times, the number of wa ys these cookies

can be chosen is the number of 6-combination with repetition allowed from
a set with 4 distinct elements.

The number of ways to choose six cookies in th
of 6 combinations of a set with four elements.
C4+6-1,6)=C(9,6)
Since C(9,6) = C(9,3)=(9 -
Therefore, there are 84 different w

e bakery shop is the number

8-7/(1-2-3)=284
ays to choose the six cookies.

Qnem Write short notes on the following :
i. Recursive algorithms
Answer

i RW;H‘SiVE algorithm :

ii. Pigeonhole principle

A fum:t'ion is called recursively de

and satisfies the following step :

a. There must be certa
refer to itself the

fined if the function refers to itself.

in arguments for which the function does not
#¢ arguments are called initial valyes (Buse values'
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These base values are used to define
" . th 3 .
by using the function recursively, e other values of the function

| Eeample: 6, =3a_,r21a=1
' then a,=3a,=3
2 _
a‘= 3(11=3(3¢10)‘—-32%-—-32

and 80 on.
a.= 3, rz20
4, Pigeonhole principle :
 The pigeonhole principle is sometime useful in counting methods.

If n pigeons are assigned to m pigecnitoles then at least one pigeonhole
contains two or more pigeons (m < n).

Proof':
Let m pigeonholes be numbered with the numbers 1 through m.

Beginning with the pigeon 1, each pigeon is assigned in order to the
pigeonholes with the same number.

Since m < n i.e., the number of pigeonhole is less than the number of
pigeons, n-m pigeons are left without having assigned a pigeonhole.

Thus, at least one pigeonhole will be assigned to a more than one pigeon.

We note that the pigeonhole principle tells us nothing about how to

locate the pigeonhole that contains two or more pigeons.

6. It only asserts the existence of a pigeon hole containing two or more
pigeons.

7. Toapply the principle one has to decide which objects will play the role

of pigeon and which objects will play the role of pigeonholes.

e 5,35, | Find the number of integers between 1 and 250 that are
. divisible by any of the integers 2, 3, 5, and 7.

nswer
12,3 250
.ﬁ“mber of integers between 1 and 250 that are divisible by 2:

Quotient of last number + 2 — quotient of first number + 2
| (250-!-2)—(14-2)-'—'125—0:125

Number of integers between 1 and 250 that are divisible by 3
(260 + 3) - (1+3)= 83 -0 =83

g e of integers between 1 and 250 that ar¢ divisible by 5
| (250+5)-—(1+5)=50-0.—.50

d 250 that are divisible by 7
(250 + T -(1+7) = 35-0=5

Tota) number of integers divisible by only 2, 3,56, 7, individunlly are
125 + 83 4 50 + 35 = 298
Number of integers d

N .
“imber of integers between 1 an

ivisible by (2 and 3) = 41
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Number of integers divisible by (2 and 5) = 2
Number of integers divisible by (2 and 7) = 1
Number of integers divisible by (3 and 5) = 16
Number of integers divisible by (3 and 7) = 11
Number of integers divisible by (5and 7) = 7

Number of integers divisible by (2, 3and 5) = 8

Number of integers divisible by (2,3, and 7) = 5

Number of integers divisible by (2, 5, and 7) = ¢

Number of integers divisible by (3, 5 and 7) =

-
~—

o}

135
Number of integers between 1 and 250 that are divisible by any of the
integer (2, 3, 5 and 7) = 293 - 135 = 158.
Q“_e 534, I How many different rooms are needed to assign 500

classes, if there are 45 different time periods during in the university
time table that are available ?

Using pigeonhole principle :
Here llzm.n|=45={n-l]+]:[5m-l +1
- m 45

At least 12 rooms are needed.

Que 535, I A total of 1232 student have taken a course in Spanish,

879 have taken a course in French, and 114 have taken a course in
Russian. Further 103 have taken courses in both Spanish and
French, 23 have taken courses in both Spanish and Russian, and 14
have taken courses in both French and Russian. If 2092 students

have taken least one of Spanish, French and R i y
students have taken a course in all three lnngua‘:::??n' how many

AKTU 2018-19, Marks 07

Let S be the set of students who have taken a course in Spanish, Fbe the set

of students who have taken a course in French, and R pe
v the ts
who have taken a course in Russian. Then, we have e set of studen

|S| = 1232, |F| = 879, |R| = 114, |S ~ F| = 103 - 23
ISNR| =14, and |SUFUR| = 23. i e

Using the equation
ISUPCUR| = |81+ |F|+ |R| - [SAF| - [SOR| - |S~R| + |SV

FUR|,
oonrioafiil
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002= 1232+ 879+ 11410393 14|, o |
ISrﬁF"R] s

]Sf“];"'"t“leq IB(‘FIRlﬂa

\ [S] = 1282
|F| = 879
y IS ~R| =23
[FAR| =14
' |R| =114 |8~ FAR| =2092
VERY IMPORTANT QUESTIONS

Q1. Explain in detail about the binary tree traversal with an

example.
ABE Refer Q. 5.3.

Q2 Define a binary tree. A binary tree has 11 nodes. It's inorder
and preorder traversals node sequen
Preorder:ABDHIEJLCFG
Inorder: HDIBJEKAFCG
Draw the tree.

AL Refer Q. 5.5. ;
tree 7'
Q3. g:ven the inorder l-;cd w:ﬂ%mg%l
order : HFEABIG

mme the tree T and it's pl'eol'dﬂr.
Ry Refer Q. 5.6.
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Define the following with one example :
Bipartite graph

ii. Complete graph

How many edges in K, and Ka‘ .
Planar graph
Refer Q. 5.13.

Explain the following terms with example :
Homomorphism and Isomorphism graph

i. Euler graph and Hamiltonian graph

Planar and Complete bipartite graph

Refer Q. 5.16.
Prove that a connected graph G is Euler graph if and only if
every vertex of G is of even degree.
Which of the following simple graph have a Hamiltonian
circuit or, if not a Hamiltonian path ?
b ° b . 1{ g
c d . 0
d
Gl G2 G3
“Fig. 1.
Refer Q. 5.17.

Q.7. Prove that asimple graph with n vertices and k components

Q.8.

Renst §
o0

(n-k)(n-k+1)

can have at most
2 edges.
Refer Q. 5.18.
What are different ways to represent a graph ? Define Euler

circuit and Euler graph. Give nece tntent
conditions for Euler circuits and pu t:l:f'ry and suffict
Refer Q. 6.19.

Define and explain any two the following :
BFS and DFS in trees B b 1
Eule’r graph

djacency matrix of
Refer Q. 5.20. S

pownioagiih
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'10. Solve the recurrence relationy, ,,- 5y -
o totheconditionyogo,yl=2.-mz ¥n o1+ 65, = 5" subject

AFE Refer Q. 5.24.

Q.11. Solve the recurrence relation using generating function :
a,-7a,_,+10a, _,=0witha,=3,a,=3.
gus Refer Q. 5.25.

Q.12. Solve the recurrence relationa,_, -5a,, +6a =(r+1)%
ams Refer Q. 5.26.

Q.13. Solvea _-6a,__, +8a , =r4" givena,=8,anda,=1.
amg Refer Q. 5.27.

Q.14. Solve the recurrence relation:a_+4a, _ +4a .= r.
amx Refer Q. 5.28.

—

Q.15. Suppose that 2 valid codeword is an n-digit number in
decimal notation containing an even number of 0's. Let @,

, denote the number of valid codewords of length n satisfying
the recurrence relation a_ = 8a__, + 10"~' and the initial
condition a, =9. Use generating functions to find an explicit
formula for a,.

ARE Refer Q. 5.29.

Q.16. Suppose that a cookie shop has four different kinds of
cookies. How many different ways can six cookies be
chosen 7

AR Refer Q. 5.31.

Q.17. A total of 1232 student have taken a course in Spanish, 879
have taken a course in French, and 114 have taken a course
in Russian. Further 103 have taken courses in both Spanish
and French, 23 have taken courses in both Spanish and
Russian, and 14 have taken courses in both French and
Russian. If 2092 students have taken least one of Spanish,
French and Russian, how many students have taken a
course in all three languages 7

AL Refer Q. 5.35.
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